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Abstract. We investigate mapping properties for the Bargmann transform on 
modulation spaces whose weights and their reciprocals are allowed to grow faster 
than exponentials. We prove that this transform is isometric and bijective from 
modulation spaces to convenient Lebesgue spaces of analytic functions. We use 
this to prove that such modulation spaces fulfill most of the continuity properties 
which are well-known when the weights are moderated. Finally we use the results 
to establish continuity properties of Toeplitz and pseudo-differential operators in 
the context of these modulation spaces. 



0. Introduction 

In this paper we introduce and establish basic continuity properties for a broad 
family of (quasi-)Banach spaces of functions and distributions of Gelfand-Shilov 
types, in the framework of harmonic analysis. We establish close links between 
these spaces and (weighted) Lebesgue spaces A^^^-^ of analytic functions related to 
Bargmann-Fock spaces. The family of spaces consists of modulation spaces, where 
each modulation space is obtained by imposing a weighted mixed norm estimate on 
the short-time Fourier transforms of the involved distributions. Important cases 
of such spaces are given by M^^^, where the weighted mixed norm estimate is 
constituted by the L^^^^ norm. 

Among the involved parameters p, q and the weight u, it follows that u is 
most important concerning imposing regularity, or relaxing growth, oscillations 
and singularity conditions on the involved distributions. In comparison to already 
established theories of such spaces (cf. [22l[271ll7] and the references therein) the 
conditions for the involved weight functions are significantly relaxed in the present 
paper. This leads to that our family of modulation spaces are significantly larger 
compared to the "usual" families of such spaces. For example, for each fixed 
s > 1/2, the modulation space can be made "arbitrary close" to the Gelfand- 
Shilov space Ss or to S'^, by choosing the weight u in appropriate ways. 

An essential part of our investigations concerns the establishment of the links 
between the modulation spaces and the A^^^ spaces, by proving that the Bargmann 
transform is isometric and bijective between these spaces. One of the benefits is 
that any property valid for the A^^^^ spaces, carry over to the modulation spaces, and 
vise versa. For example, we prove that any modulation space is a Banach or quasi- 
Banach space, and that convenient density, duality and interpolation properties 
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hold for such spaces, because similar properties are valid for corresponding spaces 
of analytic functions. 

Finally we use our results to extend the theory of pseudo-differential operators 
to involve more extreme symbols and target distributions comparing to earlier 
investigations. 

We recall that the (classical) modulation space M^^, p, g G [1, oo], as introduced 
and carefully investigated by Feichtinger and Grochenig in [T8] - [2T| [27]. consists of 
all tempered distributions whose short-time Fourier transforms (STFT) have finite 
mixed L^^^^ norm. Here the weight u quantifies the degree of asymptotic decay and 
singularity of the distribution in M^^y In general it is assumed that u should be 
moderate, which imposes several properties on u and thereby on the modulation 
space M^^y (See Sections [T] and [2] for strict definitions.) For example, the moderate 
property implies that u is not allowed to grow or decay faster than exponentials, 
that M^^^ are invariant (but not norm invariant) under puUbacks of translations, 
and that several properties valid for weighted Lebesgue spaces (e. g. density, duality 
and interpolation properties) carry over to classical modulation spaces. 

A major idea behind the design of these spaces was to find useful Banach spaces, 
which are defined in a way similar to Besov spaces, in the sense of replacing the 
dyadic decomposition on the Fourier transform side, characteristic to Besov spaces, 
with a uniform decomposition. From the construction of these spaces, it turns out 
that modulation spaces and Besov spaces in some sense are rather similar, and sharp 
embeddings between these spaces can be found in [SUES], which are improvements 
of certain embeddings in [26j. (See also [IHIEO] for verification of the sharpness.) 

During the last 15 years, several results have been proved which confirm the 
usefulness of the modulation spaces in time-frequency analysis, where they occur 
naturally. For example, in [IHlEHllSO] , it is shown that all modulation spaces admit 
reconstructible sequence space representations using Gabor frames. 

Parallel to this development, modulation spaces have been incorporated into the 
calculus of pseudo-differential operators, which also involve Toeplitz operators. (See 
e. g. [2S | [ ^ l5 ^ l5 ^ [M | ll8 tl54f[5S] and the references therein concerning symbol classes 
embedded in and [T ^ I2S |H2] - [m il ^ l5I]] for results involving ultra-distributions. 
Here and in what follows we use the usual notations for the usual function and 
distribution spaces, see e.g. [37].) 

The Bargmann transform can easily be reformulated in terms of the short-time 
Fourier transform, with a particular Gauss function as window function. By refor- 
mulating the Bargmann transform in such way, and using the fundamental role of 
the short-time Fourier transform in the definition of modulation spaces, it easily 
follows that the Bargmann transform is continuous and injective from M^^^ to ^^(^^y 
Furthermore, by choosing the window function as a particular Gaussian function 
in the Mf'1 norm, it follows that QJ : Mf'1 — )■ A^'\ is isometric. 

These facts and several other mapping properties for the Bargmann transform 
on (classical) modulation spaces were established in [20l[22l[271|33lll7] . In fact, here 
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it is proved that the Bargmann transform from M^^^ to A^^^^ is not only injective, 
but in fact bijective. 

For the modulation space M^^^ the weight function u is important for imposing 
or relaxing conditions on the distributions / in M^^. More precisely, the weight u = 
u){x,C,) depends on both the space (or time) variables x as well as the momentum 
(or frequency) variables ^. Roughly speaking, the weight function posses (cf. [T6| 

HHEHlEIlEg): 

• u tending rapidly to infinity as x tends to infinity, imposes that / tends 
rapidly to zero at infinity; 

• CO tending rapidly to zero as x tends to infinity, relaxes the growth conditions 
on / at infinity; 

• CO tending rapidly to infinity as ^ tends to infinity, imposes high regularity 
for /; 

• u tending rapidly to zero as ^ tends to infinity, relaxes the conditions on 
singularities of /; 

• u tending rapidly to infinity as both x and ^ tends to infinity, imposes 
stronger restrictions on oscillations for / at infinity; 

• u tending rapidly to zero as both x and tends to infinity, relax the re- 
strictions on oscillations for / at infinity. 

The condition that u should be moderate implies that 

u + l/u<v (0.1) 

for some v = Ce'^' ', where c, C > are constants. In this case, u is called a 
weight of exponential type. We remark that corresponding modulation spaces M^^^ 
are subsets of appropriate spaces of Gelfand-Shilov distributions, and for certain 
choices of u we may have that M^^^ is contained in J^, or that S^' is contained in 

M^^y A more restrictive case appears when flO.ip is true for some v = Ce'^'''", with 
< s < 1. In this case, u is called a weight of suhexponential type. If instead v in 
f lO.ip can be chosen as polynomial, then u is said to be of polynomial type. In this 
case, Mf'^ contains and is contained in S^' . 

Several properties for the modulation spaces might be violated when passing 
from the suhexponential type weights into exponential type weights. For example, 
if uj is of exponential type, then M^^^ might be contained in the set of real analytic 
functions, which in particular implies that there are no non-trivial compactly sup- 
ported elements in M'^^y Consequently, there are no compactly supported Gabor 
atoms, implying the time-frequency machinery breaks in those parts were com- 
pactly supported Gabor atoms are needed. 

In the present paper we go beyond these situations and relax the assumptions 
on V even more. For example, we permit v in flO.ip to be superexponential, i. e. 
V = Ce^'''^, where 1 < 7 < 2. In this situation, almost no arguments in classical 
modulation space theory can be used, because the main results in that theory are 
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based on the fact that u should be moderate. This condition is violated when v in 
f lO.ip has to be superexponential. 

In Sections [T] and [2] we give the explicit conditions on the weight functions, and 
in Sections |3] and H] we prove: 

(1) any extended weight class contains all weights in classical modulation space 
theory, including weights which are moderated by exponential type weights. 
Furthermore, any superexponential weight with 7 above less than 2 are 
included, as well as weights of the form oj = ( ■ )^'^ and co = r(( ■ ) + 1). 
Here {x) = (1 + Ixp)"*^/^ and T is the Gamma function. 

(2) A^^^-^ and M^'^ are Banach spaces and fulfill convenient density, duality and 
interpolation properties. 

(3) the Bargmann transform is isometric and bijective from M^^^ to A^(^^y 

In the last section we establish new forms of pseudo-differential calculi in the 
framework of these modulation spaces. This means that the spans of the spaces 
for operator symbols, target functions and image functions, are significantly larger 
comparing to earlier theories. Therefore, these spaces may be smaller as well as 
larger comparing the usual situations. The approach here is similar to [5611571159] . 
where similar results were obtained in background of classical modulation space 
theory. The results here are, to some extent, also related to the results in pT|H2]- 
mmnillQllSO] , when V in (10. ip is bounded by a subexponential function. 

We remark that in contrast to classical theory of pseudo-differential operators, 
(cf. e.g. [3Z1), there are no explicit regularity assumptions on the symbols. On the 
other hand, if 1 < 71 < 7 < 72 < 2 with c > 0, and the weight u is given by 

a;(a;,0 = e'=(l^l^+l«l^), (0.2) 

then the corresponding modulation spaces are contained in the Gelfand-Shilov 
space Sif-y-^, and contain Si/^^. In particular, this means that the involved func- 
tions and their derivatives are extendable to entire analytic functions and fulfill 
estimates of the form 

|/(x)|<Ce-^l^l^\ and |7(0I < ^^e-'^'^'^S 

for some positive constants c and C. It is therefore obvious that in this situation, 
the elements in these modulation spaces posses strong regularity properties. 

On the other hand, if c < in (10. 2p . then the corresponding modulation spaces 
contain the dual of which in turn is significantly larger than e.g. y", 

the space of tempered distributions. 

Finally, in Section [5] we apply the continuity results for modulation spaces to 
establish continuity properties for Toeplitz operators with symbols in weighted 
mixed norm space of Lebesgue types. (Cf. O [71 [10], [131 [HI [58] the references 
therein for similar and related investigations.) 
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1. Preliminaries 

In this section we give some definitions and recall some basic facts. The proofs 
are in general omitted. In the first part we consider appropriate cnditions on the in- 
volvd weight functions. Thereafter we review some facts for Gelfand-Shilov spaces. 
Then we discuss basic properties of the short-time Fourier transform, which is there- 
after used in the definition of modulation spaces, and obtaining basic properties 
for such spaces. The last part of the section is devoted to the Bargmann transform 
and appropriate Banach spaces of entire functions, which are appropriate in the 
background of the Bargmann transform. 

1.1. Weight functions. We start by discussing general properties on the involved 
weight functions. A weight on R"^ is a positive function u on R'' such that u G 
L'^^(R'^), and for each compact set K C R"^, there is a constant c > such that 

uj{x) > c when x & K. 

A usual condition on u is that it should be v-moderate for some positive function 

V e L^^(R'^). This means that 

u{x + y) <Cu{x)viy), x,i/GR^ (1.1) 

for some constant C which is independent of x,y E R*^. We note that (11. ip implies 
that CO fulfills the estimates 

C'\{-x)-'^ < io{x) < Cv{x). 

We say that v is suhmultiplicative when (II. ip holds with uj = v. In the sequel, 

V and Vj for j > 0, always stand for suhmultiplicative weights if nothing else is 
stated. 

The weight u is called a weight of exponential type, if v in (II. ip can be chosen 
as v{x) = Ce'^l^l for some c, C > 0. If, more restrictive, v can be chosen as a 
polynomial, then u is called a weight of polynomial type. We let J^(R!^) and 
<^£;(R'^) be the sets of all weights on R'^ of polynomial type and exponential type, 
respectively. Obviously, ^{R'^) C ^e{'R'^)- 

A broader class of moderate weights comparing to ^(R'^) is obtained by re- 
placing the polynomial assumption on v by the so called GRS condition (Gelfand- 
Raikov-Shilov condition). That is, v G L^^(R'^) is positive and satisfies 

hm i^^^ = 0. 

n^oo TL 
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An important class of submultiplicative weights which fulfills the GRS condition is 
the so called subexponential weights, i. e. weights of the form 

= Ce"l^l\ (1.2) 

when a; = f , and c, C and s are positive constants such that s < 1. On the other 
hand, if w is a weight of exponential type, then the GRS condition is violated. 
Furthermore, if u is f-moderate for some f , then it is moderated by an exponential 
type weight. Consequently, the ^£;(R'^) contains all weights on R'' which are 
moderated by some functions, including those weights moderated by v which fulfills 
the GRS-conditions. We refer to [29] and the references therein for these facts. 

In this paper we permit weights where the moderate condition (11.11) on u has 
been relaxed by appropriate local and global conditions. In most of the situations, 
the local condition is 

C'^uj{x) <uj{x + y) <Cu{x) when Rc<\x\<c/\yl R>2, (1.3) 

for some positive constants c and C. However, in most of the situations, the 
condition (II. 3p is relaxed into 

C'^u{x)'^ < u{x+y)u{x-y) < Cuj{xy when Rc < \x\ < c/\y\, R. > 2. fOjl ^ 

for some positive constants c and C. 

Important examples of weights satisfying (II. Sp are those which satisfy (ll.2p . when 
C and s being positive such that s < 2, and c G R. Especially we note that if u 
is given by (ll.2p with 1 < s < 2, then u is not moderated by any weight v, but 
satisfies (I1.3P for some choices of c > and C > 0. On the other hand, if u > 
and satisfies (11.30 , then Proposition 12.61 in Section [2] shows that 

C-^e-^l"!' < uj{x) < Ce'=l"l', (1.4) 
holds for some positive constants c and C. 

Definition 1.1. Let u he a. weight on R"^. 

(1) u is called a weight of Gaussian type {weakly Gaussian type) on R'^, if (11.31) 
holds (if (II. 3p ^ holds) for some positive c and C, and (II. 4p holds for some 
positive c and C. The set of Gaussian type and weakly Gaussian type 
weights on R"' are denoted by ^g(R-°') and <^^q(R°'), respectively; 

(2) u is called a weight of subgaussian type {weakly subgaussian type) on R'', if 
(II. 3p holds (if (II. 3p ^ holds) for some positive c and C, and for every c > 0, 
there is a constant C > such that (II. 4p holds. The set of subgaussian 
type and weakly subgaussian type weights on R*^ are denoted by ^q^R"^) 
and ^q(R'^), respectively. 

We note that each one of the families of weight functions in Definition 11.11 are 
groups under the ordinary multiplications. 

Remark 1.2. The family j3^q is larger than but its definition is somewhat 
more complicated. An important reason for introducing this family is that we may 
prove that the general modulation spaces, introduced later on, can be made close 
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to Gelfand-Shilov spaces in the sense of Proposition 13.91 in Section |3l So far we are 
unable to prove any similar result when the family is replaced by ^'q. 

On the other hand, for any weight in S^'q one may find an equivalent smooth 
weight (cf. Proposition 12.61 in Section [2]). So far we are unable to extend this 
property to all weights in 

We note that if w G ^q(R'^), then uj satisfies the following conditions: 

(1) there are invertible d x (i-matrices Ti, . . . , T^r whose norms are at most one, 
i. e. ||TjH < 1, j = 1, . . . , iV, and such that 

N 

i=i 

when Rc < \x\ < c/\y\, R>2, (fT3|) " 
for some positive constants c and C; 

(2) for every c > 0, there is a constant C > such that (11.41) holds. 

Hence if we modify the definition of ^q(R'^) in such way that it should contain 
all weights u satisfying (1) and (2), then we obtain a larger family of weights, 
comparing to Definition 11.11 By straight-forward computations it follows that all 
results in the paper are true after the definition of j3^q in Definition 11.11 has been 
modified in this way. 

A special situation appears for Proposition 13.91 in Section [3|, where the symmetry 
condition in y in (11.31) ^ is essential for its proof. However, it follows that Proposition 
13.91 is true, after (11. 3p ^ in the definition of has been replaced by 

N 

C-^uj{x)^'' <Y[u{x + TjyMx - Tjy) < Cuixf"" , 
i=i 

when Rc < \x\ < c/\y\ and R > 2, where Tj are invertible matrices with norm at 
most one. 

In Section [2] we introduce other convenient subfamilies of ^q(R'^). 
Example 1.3. Let c, s G R, C > and t > 1/2. Then 

as{x) = {xy = (1 + \x\Y\ uji{x) = e^l'l'^* and uj2{x) = e'^l"!', (1.5) 
are weights of polynomial type, subgaussian type and Gaussian type, respectively. 

Definition 1.4. Let Q C ^q(R'^). Then Q is called an admissible family of 
weights, if there is a rotation invariant function < ujo{x) G L^^(R'^) fl L^(R'^) 
which decreases with |x| and such that 

u ■ Uq & Q and uj/uq G Q when w G f2. 

We note that for some choice of uq in Definition 11.41 we have 

oooix) < C{x)-'^ (1.6) 

for some constant C > 0. 
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Example 1.5. Every family in Definition 11.11 are admissible. Moreover, if uq G 
^q(R"') and is a family of admissible weights, then 

(1) { (Tat ; G Z } is admissible; 

(2) uq ■ Q = { uqu ; u & Q} is admissible. 

1.2. Gelfand-Shilov spaces. Next we recall the definition of Gelfand-Shilov spaces. 

Let < /i, s G R be fixed. Then we let 5,,/,(R'^) be the set of all / G C°°(R'^) 
such that 

^ \x^d-f{x)\ 
ll/ll-s... - sup j^ia\+m^^i piy 

is finite. Here the supremum should be taken over all a, /3 G N'^ and x G R*^. 
Obviously Ss,h C ^ is a Banach space which increases with h and s. Furthermore, 
ifs>l/2ors = l/2 and h > 1, then Sg^h contains all finite linear combinations of 
Hermite functions. Since such linear combinations are dense in it follows that 
the dual iS^^(R'^) of Ss^hiJ^'^) is a Banach space which contains ^'(R*^). 

The Gelfand-Shilov spaces ^^(R'^) and Ss(R'^) are the inductive and projective 
limit respectively of Ssfii^V^)- This implies that 

5,(R'^) = U 5,,,(R'^) and S,(R'^) = f| 5,,,(R'^), (1.7) 

h>0 h>0 

and that the topology for 5s (R'^) is the strongest possible one such that each 
inclusion map from Ss,h(R-'^) to iSs(R'^) is continuous. The space Ss(R'^) is a Frechet 
space with semi norms || ■ ll^^,^, h> 0. 

We remark that the space iSs(R'^) is zero when s < 1/2, and that Ss(R'^) is zero 
when s < 1/2. Furthermore, for each e > and s > 1/2 we have 

S,(R'^) C SsiK'') C S,+,(R'^). 

On the other hand, in [H] there is an alternative elegant definition of S<j^ (R'^) and 
iSs2(R'^) such that these spaces agrees with the definitions above when si > 1/2 
and S2 > 1/2, but Si/2(R'^) is non-trivial and contained in 5i/2(R°'). 
From now on we assume that s > 1/2 when considering E>,(R'^). 

The Gelfand-Shilov distribution spaces 5^(R'^) and S'^(R'^) are the projective and 
inductive limit respectively of ^^^^(R^). This means that 

5:(R'^) = fl5;,(R'^) and S;(R'^) = (J ^^(R'^). W 

h>0 h>0 

We remark that already in [24j it is proved that ^^(R'^) is the dual of iSs(R'^), and 
if s > 1/2, then E'^(R'^) is the dual of Ss(R'^) (also in topological sense). 

The Gelfand-Shilov spaces are invariant under several basic transformations. For 
example they are invariant under translations, dilations, tensor products and under 
any Fourier transformation. 

From now on we let ^ be the Fourier transform which takes the form 

(^/)(0 = m = (2vr)-^/^ / /(x)e-<-'«> dx 



when / G L^(R'^). Here ( ■ , ■ ) denotes the usual scalar product on R"^. The map ^ 
extends uniquely to homeomorphisms on ^'(R'^), iS^(R°') and S'^(R°'), and restricts 
to homeomorphisms on ^(R^), iSs(R'^) and Ss(R^), and to a unitary operator on 
L2(R'^). 

The following lemma shows that elements in Gelfand-Shilov spaces can be char- 
acterized by estimates of the form 

<Ce-"l"l'^' and < C'e"^'^'"'''- (1-8) 

The proof is omitted, since the result can be found in e.g. [T^[2^. 
Lemma 1.6. Let f G S'-^^^^i^"^)- Then the following is true: 

(1) if s > 1/2, then f G 5s(R°'), if and only if there are constants e > and 
C > such that f|L8|) holds; 

(2) if s > 1/2, then f G Ss(R'^), if and only if for each e > 0, there is a 
constant C such that (11.81) holds. 

Gelfand-Shilov spaces posses several other convenient properties. For example, 
they can easily be characterized by Hermite functions. We recall that the Hermite 
function ha with respect to the multi-index a G N*^ is defined by 

ha{x) = 7r-'^/^(-l)l"l(2l"la!)^^/2el"l'/2(9°e-l"l'). 

The set (ha) orthonormal basis for L^(R°'). In particular, 

/ = ^ Caha, Ca = (/, /ia)L2(Rd), (1-9) 
a 

and 

||/||l2 = ||{Ca}a||i2 < OO, 

when / G L'^{IV^). Here and in what follows, (■ , ■ )-L2(Rd) denotes any continuous 
extension of the form on 5i/2(R°')- 

It is well-known that / here belongs to ^(R"'), if and only if 

\\{ca{aY}Ji2 < OO (1.10) 

for every t > 0. Furthermore, for every / G J^'(R'^), the expansion (11.91) still 
holds, where the sum converges in S^', and (ll.lOp holds for some choice of t G R, 
depending on /. The same conclusion holds after the norm has been replaced 
by any P norm with 1 < p < oo. 

The following proposition, which can be found in e.g. (25]; shows that similar 
conclusion for Gelfand-Shilov spaces hold, after the estimate (11.101) is replaced by 

||Ke*H^'"}J|,P<oo. (1.11) 

(Cf. formula (2.12) in [25].) 

Proposition 1.7. Let p G [l,oo], / G 5(^2^^'^); ^ — CL'iT'd let Ca be as in (11.91) . 

Then the following is true: 

(1) / G 5^(R'^), if and only if (II. lip holds for every t < 0. Furthermore, (11.90 
holds where the sum converges in S'^; 

9 



(2) / G E'g(R'^), if and only if (11. Ill) holds for some t < 0. Furthermore, (11.91) 
holds where the sum converges in S'^; 

(3) / G 5s (R'^), if and only if (11.111) holds for some t > 0. Furthermore, (11.91) 
holds where the sum converges in Sg; 

(4) / G Ss(R'^), if and only if (11.111) holds for every t > 0. Furthermore, (11.91) 
holds where the sum converges in S^. 

1.3. The short-time Fourier transform. Let G S^ilV^) \ be fixed. For 
every / G o5^'(R'^), the short-time Fourier transform V^f is the distribution on 
R^'^ defined by the formula 

= -x)m. (1.12) 

We note that the right-hand side defines an element in ^'(R^"') fl C°°(R^'^), and 
that if / G L^^^ for some uj G ^(R'*), then V^/ takes the form 

V^f{x, = (2vr)-'^/2 ! /(y)0(y-x)e-<^'«> dy. 

In order to extend the definition of the short-time Fourier transform we re- 
formulate (11.121) in terms of partial Fourier transforms and tensor products. More 
presisely, we let be the partial Fourier transform of -F(x, y) G ,5^'{^'^) with re- 
spect to the variable, and we let U be the map which takes F{x, y) into F{y, y—x). 
Then it follows that 

V^f = {^2oU){f®4>) (1-13) 
when / G y'{R'^) and G ^(R"'). 

We remark that tensor products of elements in Gelfand-Shilov spaces are defined 
in similar ways as for tensor products for distributions (cf. Chapter V in [37j). Let 
f,g e S[i^{Yi'^) and let s > 1/2. Then it follows that f^ge 5^(R^'^), if and only 
if /, (? G 5^(R'^). Similar fact holds for any other choice of Gelfand-Shilov spaces 
of functions or distributions. 

The following result is essentially a restatement of ?? in [15] and concerns the 
map 

{fA)^V^f, (1.14) 

and follows immediately from (I1.13p . and the facts that tensor products, ^2 and 
U are continuous on Gelfand-Shilov spaces. (See also [ISlEl] for general properties 
of the short-time Fourier transform in background of Gelfand-Shilov spaces.) 

Proposition 1.8. Let s > 1/2 and let f,(j) e S[/^iR'^) \ 0. Then the map ffmi) 
from S^{TV^) x S^['R'^) to S^'{'R?'^) is uniquely extendable to a continuous map from 
5[y2(R''^) X <S[/2i^'^) S[^2i'^'^^'') ■ Furthermore, the following is true: 

(1) the map (I1.14p restricts to a continuous map from 5s(R^) x 5s(R^) to 
5,(R2"'). Moreover, V^f G ^.(R^^), if and only if f,<pe 5,(R'^); 

(2) the map (I1.14p restricts to a continuous map from S'g{Rf') x 5^(R'^) to 
5;(R2'^). Moreover, V^f G ^^(R^^), if and only iff,(pe Si{K'^). 
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Similar facts hold after the spaces Ss and have been replaced by and E'^ 
respectively. 

We also have the following proposition. 

Proposition 1.9. Let s > 1/2, G 5,(R'^) \0 be even, and let f E Sy^iR"^). 
Then the following is true: 

(1) / G 5s (R'^), if and only if for some e > and some constant it holds 

|V^/(x,OI<C.e-^'^l^'^+l^l^^^- (1.15) 

(2) if f E iSg(R'^), then there are constants e > and > such that 

l^0/(x,OI<C^ee^^'^■'^'^^'^'^'^■ (1-16) 

(3) if for every e > 0, there is a constant such that fll.l6p holds, then 
feS:{R'^). 

Proposition 11.91 can be found in ^5] and to some extend also in [31]. Since the 
arguments in the proof are important later on, we present here an explicit proof, 
based on reformulation of the statements in terms of Wigner distributions. 

First let f,g E L^(R'^). Then the Wigner distribution of / and g is defined by 
the formula 

Wf^gix, = i2n)-'/' J fix - y/2)g{x + y/2)e'^y^^^ dy. 

We note that the Wigner distribution is closely connected to the short-time Fourier 
transform, since 

V^fix,0 = 2-V<^'«>/2iy^,^(-a;/2,e/2), 

which follows by straight-forward computations. Here f{x) = f{—x). From this 
relation it follows that most of the properties which involve short-time Fourier 
transform also hold after replacing the short-time Fourier transforms by Wigner 
distributions. For example. Propositions 11.81 and 11.91 remain the same after such 
replacements. 

Proof. (1) If / G 5s (R"^), then it follows from Lemma [1.61 and Proposition 11.81 that 
fll.lSp holds for some constants e > and Ce > 0. 

Now assume instead that fll.lSp holds for some constants e > and Cs > 0. 
Then fll.lSp still holds after V^/ has been replaced by Wj^^ = Wf^^, provided the 
constants e and have been replaced by other suitable ones, if necessary. Since 

i^(w^/,<^)(e,x)i = |v^/(-x,oi, 

by Parseval's formula, it follows that fll.lSp holds for both VF/,,/, and ^(W/^<^). 
Hence, / G 5s(R°') by Lemma [1.61 This proves (1). 

The assertion (2) follows by straight-forward computations, using the fact that 

in combination with Lemma 11.61 
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On the other hand, if for every e > there is a constant > such that (11.161) 
holds and is a finite sum of Hermite functions, then V^ip G 5s(R^°'), and 

(/, <^)l2(R<*) = c{V^f, 1^0<^)L2(R,2d) (1.17) 

is well-defined. Here c = ||0||^2 > 0. Now, by f ll.l6p . (1) and the fact that finite 
sums of Hermite functions are dense in iSs(R'^), it follows that the right-hand side 
of (I1.17P defines a continuous linear form on iSs(R'^) with respect to (p. Hence, 
/ G 5g(R'^), which gives (3), and the proof is complete. □ 

Remark 1.10. There is obviously a gap between the necessary and sufficiency con- 
ditions in (2) and (3) of Proposition 11.91 In general it seems to be difficult to find 
convenient equivalent conditions for the short-time Fourier transform of / G S[^2 
in order for / should belong to S'^, for some s > 1/2. 

On the other hand, for each s > 1/2 and G 5,(R'^) \ 0, let T,^^{K'^) be the 
space which consists of all / G i5^(R°') such that for every e > there is a constant 
Ce > such that (11.161) holds. Then Ts(^(R'^) is still a "large space" in the sense 
that it contains every iSj'(R'^) for t > s. 

For future references we set T = T^^^ when s = 1/2 and (j){x) = 7r~'^/^e~'^' 

1.4. Modulation spaces. We shall now discuss modulation spaces and recall 
some basic properties. In what follows we let ^ be a mixed norm space on R''. 
This means that for some pi, . . . ,Pn G [1, oo] and vector spaces 

V"i,...,V; C R"^ such that 14 © ■ ■ ■ © K = R^ (1-18) 
then ^ = where ^j, j = 1, . . . , n is inductively defined by 

'LP^iV,), j = l 

LW(\/,;^,_i), j = 2,...,n. 

The minimal and maximal exponents min(pi, . . . ,p„) and max(pi, . . . ,pn) are de- 
noted by z/i(^) and i'2{^) respectively, and the norm of ^ is given by \\f\\^ = 
\\Fn-i\\LPn(v„), where Fq = f and 

Fj{Xj+i, ...,Xn)= \\Fj-i{ ■ ,Xj+i, . . . ,Xn)\\L^j(Vj), j = ■ ■ ■ , ^ - 1 . 

In several situations the notation L^{V) is used instead of where 

V={Vu...,Vn) and p = (pi, . . . ,p„). (1.20) 

We set = LP'{V), where p' = {p'l-, ■ ■ ■ ■iP'2) and p'j G [l,C)o] is the conjugate 
exponent of pj, j = 1, . . . , n. That is, pj and p'j should satisfy 1/pj + 1/p'j = 1. If 
1^2 ('^) < 00, then the dual of ^ with respect to {■ , ■)l2 is given by ^'. 

In some situations we relax the conditions on pi, . . . ,p„ in such way that they 
should belong to (0, 00] instead of [1, c>o]. Still we set 

Jy \f{xj)\^^ dxjj , when < < 00 

esssup(|/(xj)|), when pj = 00, 
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;i.i9) 



where / is measurable on Vj. (Cf. [8].) We note that || ■ ||lpj(v,-) is a quasi-norm, 
but not a norm, when pj < 1. Furthermore, in this case, LP^{Vj) is a quasi-Banach 
space, with topology defined by this quasi-norm. 

Now, if pi, ... ,pn e (0, oo], and V = (Vi, . . . Vn) is the same as above, then Lp{V) 
is called mixed quasi-norm space on R*^, and is defined as ^„ in fll.lQp . 

Example 1.11. Let p,q e [l,oo], and Lp^^R'^'^) and its twisted space Lf„^(R^^) 
be the Banach spaces, which consist of all F G Ll^^(R'^'^) such that 



and 



1/p 

< oo , 



respectively (with obvious modifications when p = oo or q = oo). Then it follows 
that both L^^'^CR?'^) and L^^(R?'^) are mixed norm spaces. 

If instead p,q & (0, oo], then L^''^ and Lf^f are defined in analogous ways, where 
the condition F G //^^^^(R^'^) has to be replaced by F G L[q^(R^'^) with r = min(p, q). 
In this case, one obtains mixed quasi-norm spaces. 

The definition of modulation spaces is given in the following. 

Definition 1.12. Let be a mixed quasi-norm space on R^^, u G <^q(R^'^), 
and let = vr'^^/'^e"'^'^/^. Then the modulation space M{u,^) consists of all 
/ G 5^/2 (R"*) such that 

ll/IU/K,-^) = \\V^fuj\\,^ < oo. (1.21) 
If = 1, then the notation M(^) is used instead of M{u, SS\ 

Since the cases SS = LP'^(R^°') and ^ = L|'^(R^'^) are especially important to us 
we set Mf^5(R'^) = M {u , LP'%R^'^)) and W^(K'^) = M(u;, L|'„«(R2°')). We recall 

that if a; G J^(R?'^), then the former space is a "classical modulation space", and 
the latter space is related to certain types of classical Wiener amalgam spaces. For 
convenience we set Mf ^ = Mf'K = f . Furthermore, we set Mf''^ = Mf''^-, and 
Mf = M^cr^,^, where as is given by (11.51) . and if a; = 1, then we use the notations 
M(^), MP''}, WP''^ and M^, instead of M(w, ^), Mj;^, and M^^^ respectively. 
Here we note that 

a,(x) = {xY = (1 + Ix^ + and cr,(x,0 = {x,0' = (1 + |xp + 1^^^/'. 

For exponential type weights we have the following proposition. We omit the 
proof, since the result can be found in [THIEOlETlEHlEG] . Here and in what follows 
we write pi < P2, when 

pi = (pi,i,...,pi,„) G (0,oo]" and P2 = (P2,i, • • • ,P2,n) e (0, oo]'' (1.22) 

satisfy pij < p2j for every j = 1, . . . , n. 
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Proposition 1.13. Let p,q,pj,qj G [l,C)o], u,Uj,v G ^^(R^*^) forj = 1,2 be such 
that V is submultiplicative and even, u is v-moderate, and let !^ he a mixed normed 
space on R^"'. Then the following is true: 

(1) z/ e Mi,)(R'^) \ 0, then f G M{u,^) if and only if holds, i. e. 
M{u, ^) is independent of the choice of (p. Moreover, M{u, ^) is a Banach 
space under the norm in fll.2ip . and different choices of give rise to 
equivalent norms; 

(2) if ffTTH]) . ffT^ and ffT^ hold with pi < p2, and uj2 < Cwi for some 
constant C , then 

(3) the sesqui-linear form {■ , ■)i2 on Si(R'^) extends to a continuous map from 
M^^^(R'^) X M^^'J^-^CFV^) to C. This extension is unique, except whenp = q' E 
{l,oo}. On the other hand, if ||a|| = sup |(a, 6)^2!, where the supremum is 
taken over all b G M^j^^^^(R'^) such that \\b\\j^^p',q' < 1, then \\ ■ \\ and \\ ■ Hm^' 
are equivalent norms; 

(4) if p,q < 00, then Si(R'^) is dense in M^^^(R'^), and the dual space of 
M^^^(R'^) can be identified with M^iJ^) (R-'^); through the form ( ■ , ■ )/,2 . More- 
over, Si(R'^) is weakly dense in M^^(R'^). 

1.5. The Bargmann transform. We shall now consider the Bargmann transform 
which is defined by the formula 

{^f){z) = ^-"^'J^/W ( - ^((^,^) + m + 2'/^z,y))fiy)dy, 

when / G L^(R'^). We note that if / G /.^(R*^), then the Bargmann transform QJ/ 
of / is the entire function on C^, given by 

(QJ/)(^) = J %,{z,y)f{y)dy, 

or 

(QJ/)(^) = (/,2l,(z, ■)), (1.23) 
where the Bargmann kernel 21^ is given by 

2t.(z,y) = TT-'^/^exp ( - \{{z,z) + \y\') + 2'l\z,y)). 

Here 

d 

{z, w) = when z = {zi, . . . , Zd) & and w = {wi, . . . , Wd) G C^, 

j=i 

and otherwise ( ■ , ■ ) denotes the duality between test function spaces and their 
corresponding duals. We note that the right-hand side in (11.231) makes sense when 
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/ G S[^2i.^^) defines an element in A{C^), since y i— )■ 21^(2;,?/) can be inter- 
preted as an element in 5i/2(R.°') with values in A[C'^). Here and in what follows, 
A[C'^) denotes the set of all entire functions on C^. 

It was proved by Bargmann that / t— )■ QJ/ is a bijective and isometric map from 
L^(R'^) to the Hilbert space A'^{C'^), the set of entire functions F on which 
fulfills 

IIFIU2 = (^J \F{z)\'^dfi{z)y^^ < 00. (1.24) 

Here dfi{z) = vr^'^e^'^'^ dX{z), where dX{z) is the Lebesgue measure on C^, and the 
scalar product on ^4^(0'^) is given by 



{F,G)a2= F{z)G{z)dfi{z), F,GeA\C''). (1.25) 

Furthermore, Bargmann proved that there is a convenient reproducing kernel on 
^4^(0*^), given by the formula 

F{z)= [ e^'''^^F{w)dfi{w), FeA^iC^), (1.26) 

where {z, w) is the scalar product of z E and w E (cf. [3,4]). Note that this 
reproducing kernel is unique in view of [38j. 

From now on we assume that (p in (11.121) . (I1.12p ^ and (11.211) is given by 

0(a;) = 7^-'^/4e-l^l'/^ (1.27) 

if nothing else is stated. Then it follows that the Bargmann transform can be 
expressed in terms of the short-time Fourier transform / i— )■ V^/. More precisely, 
let S be the dilation operator given by 

{SF){x,0 = F{2-'/'x,-2-'/'0, (1-28) 
when F G Lj^^CR.'^'^) . Then it follows by straight-forward computations that 

(Qj/)(^) = (^f)(x + tO = (27r)^/2g(|x|2+|5|2)/2g-^(x,Op.^j(2i/2^,-2i/2^) 

= (27r)'^/2e(l^'l'+l«l')/2e-(-'?)(5-i(^^/))(^^^)^ (1.29) 

or equivalently, 

V^f{x,0 = (27r)-'^/2g-(|xP+|cP)/4g-^(x,o/2(2jy)(2-i/2a;^ -2-'/^0- 

= (27r)-'^/2g-i(x,o/2^(g-| ■ lV2(5jj))(3,^ (1.30) 

For future references we observe that (11.291) and (I1.3UI) can be formulated into 

5J = t/«oV^, and U^'o^=V^, 

where t/su is the linear, continuous and bijective operator on ^'(R^'') ^ ^'(C^), 
given by 

{U^F){x,0 = (27r)'^/VI^I'+l«l')/2e-(-.Oir(2i/23,^ -2^/^^). (1.31) 
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Definition 1.14. Let uji E ^^^(R^^), e ^qiB?"^), ^ be a mixed quasi-norm 
space on R^'^ = C^, and let r > be such that r < z/i(^). 

(1) The space B{uj2, ^) is the modified weighted ^-space which consists of all 
F G LUR'') = LUC^) such that 

||-F||B(a;2,^) = \\{U^'^F)uJ2\\.<jg < OO. 

Here U<u is given by (11.311) : 

(2) The space A{uj2, 3§) consists of all F G A{C'^) n 5(^2, ^) with topology- 
inherited from B{u2, ^)', 

(3) The space Ao{ui,^) is given by 

Ao{co,,^) = {{^f); f eM{co,,l3g)}, 
and is equipped with the quasi-norm ^) = ||/i|M(tJi when F = 

We note that the spaces in Definition 11.141 are normed spaces when i^i(i^) > 1. 
For conveneincy we set ||-F||B(tj,,?^) = oo, when F ^ B{u,^) is measurable, and 
\\F\\a{uj/j) = oo, when F G ^(0"^) \ B{uj, M). We also set 

= B^iC) = Biu, ^), A^] = AIYO = A{u, m 

when = LP'^iC^), AJ'^^ = Aj'jJ, and if w = 1, then we use the notations BP'^, 
AP'^, BP and Ap instead of B^;^], AJ*^"^), B^^^ and A^^^, respectively. 
For future references we note that the B^^^ quasi-norm is given by 

\\F\\bi^ = 2^/P(27r)-'^/2 \e~\'\V^F{z)uj{2'^^z)\P dX{z)^ 

= 2'"P{2'n)-^'^ (^jj |e-(l^l'+l«l')/2F(x + zO^^(2'/'x, -21/^0 rrfxci^y^' (1.32) 

(with obvious modifications when p = oo). Especially it follows that the norm and 
scalar product in B'^^^{C'^) take the forms 

= (/^^ \FizM2'/'z)\'d^^iz)y\ F G Sj,)(C'^) 

(F, G)sf ^ = [ F{z)G{^uj{2'/'z)' dfi{z), F,G e i?(%(C^) 

(cf. f lLMjl and fOSj) ). 

The following result shows that the norm in Aq{u, B) is well-defined. 

Proposition 1.15. Let u G ^q(R^°'), ^ be a mixed norm space on R^"' and let 
(j) he as in fll.271) . Then Aq[uj,^) C Aiio^SS'), and the map 2J is an isometric 
injection from M{u, ^) to A{u, J^). 
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Proof. The result is an immediate consequence of f ll.29p . fll.30p and Definition 



In the case a; = 1 and J3§ = L^, it follows from [3] that Proposition !! . ISI holds. and 
the inclusion is replaced by equality. That is, we have Aq = which is called the 
Bargmann-Fock space, or just the Fock space. In Section |4] we improve the latter 
property and show that for any choice of a; G and every mixed quasi-norm 
space we have Aq{oj, SS) = ^). 

2. Weight functions 

In this section we establish results on weight functions which are needed. In the 
first part we investigate weights belonging to Si^e- Here we are especially focused 
on finding properties which are needed to show that is contained in convenient 
subfamilies of which are introduced in the second part of the section. 

2.1. Moderate weights. For a moderate weight lo there are convenient ways to 
find smooth weigths which are equivalent in the sense that for some constant 
C > we have 

C-^wo < w < Cwo- (2.1) 
In fact, we have the following result, which extends Lemma 1.2 (4) in ^55j. Here 
the weight uj G ^£;(R'^) is called elliptic if cu G C°°(R'^), and for each multi-index 
a, we have 

(9°a;o)MGi^°"(R'). (2.2) 

Lemma 2.1. Let u G ^e(R'^)- Then it exists an elliptic weight Uq G ^£;(R'^) 
such that fl2.ip holds. 



Lemma [2?T] follows by similar arguments as in the proof of Lemma 1.2 (4) in [55]. 
In order to be self-contained we here present a proof. 

Proof. Let G C°°(R'^) be a positive function which is bounded by Gauss functions 
together with all its derivatives, and let uq = tp*u. Also let v G ^e(R-'^) be chosen 
such that u is f-moderate. Then uq is smooth, and 



with 



Furthermore, if 



then 

/I f \ r 
uj{x-y + y)—^dy < C J uj{x - y)i){y) dy = Cuo{x), 

for some constant C. This proves that Uq G ^e H C°^, and that (12.10 is fulfilled. 
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LOo{x) = J uj{x - y)ip{y) dy < Ciuj{x), 
Ci = j v{-y)i){y) dy < oo. 
C2= v{y)~^%l){y) dy < oo, 



By differentiating uq, the first part of tlie proof gives tliat for some Gaussian ipi, 
and some constants Ci and C2 we fiave 

|(9°u;o| = |(<9"^) *uj\< *io <^i*uj < Ciio < Cs^o- 
Hence, fl2.2p is fulfilled for u = uq. The proof is complete. □ 

We also need some properties concerning the minimal weight which moderates 
a specific weight co G <^^£;(R'^). For any such weight, the fact that u is w-moderate 
for some function v, implies that 

Vo{x) = sup (2.3) 

is well-defined. Furthermore, by straight-forward computations it follows that 

u{x + y) < u{x)v{y) and v{x + y) < v{x)v{y), x,yGR°', (2.4) 

holds for V = vq. The following result shows that Vq is minimal among elements 
which moderates u, and satisfies (12.41) . Furthermore, here we establish differential 
properties of vo in terms of the functionals 

■{dyUj){x + yo)\ _ /{{Vuj){x + yo),y)' 



{Jiu){x,y)= mf — )= mf 



JO 



{J,u){x,y)^ sup f{{Vu){x + yo),y) 



\{JkCo){x,y)\< sup (KMi^±M]|^|<c't;o(x)b|, A; = 1,2 



when in additional to is elliptic. We note that Jiw and J2i^ satisfy 

(V ^)(a^ + 1/0) h 
t^(z/o) 

for such w and some constant C, depending on w only. 

Lemma 2.2. Lei a; G ,^£;(R'^), < G Lf^S^'^) be such thatu{x + y) < uj{x)v{y) 
when X, ?/ G R'^, and let vq be as in (12. 3p . Then vo < v, and (12. 4p holds. 
Moreover, if in addition u is elliptic, then the following is true: 

(1) {Jiijj){x,y) and {J2U)){x,y) are continuous functions which are positively 
homogeneous in the y-variable of order one; 

(2) ifx,ye R'^, then 

inf {Jiuj){x + ty,y) <Vo{x + y) -Vo{x) < sup {J2UJ) {x + ty , y) . 

0<t<l 0<i<l 

In particular, vq is locally Lipschitz continuous; 

(3) if x,y G R'^, then 

(J,c.)(x,y)<liminf Mx + hy)-v,ix) 



h^O h 



Vo{x + hy) -Vo{x) , . . w ^ 
< limsup < {J2UJ){x,y). 
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Proof. The first part and (1) are simple consequences of tlie definitions. The details 
are left for the reader. It is also obvious that (3) follows from (1) and (2) if we 
replace y in (2) by hy, and let h turns to zero. 

It remains to prove (2), and then we may assume that y ^ and x are fixed. By 
(12. 3p it follows that for every e > 0, there is an element yo G R"^ such that 

vo{x + y)< + e. 

By Taylor's formula we get for some 6 G [0, 1], 

vo{x + y) < \ he 

(^{yo) (^{yo) 

< Vo{x) + (J2w)(x + 6y,y) + e < Vo{x) + sup (J2w)(x + ty,y) + e. 

0<t<l 

Since e was arbitrary chosen, the last inequality in (2) follows. 

In the same way, let e > be arbitrary and choose yi G R"' such that 

uj{x + yi) 

By Taylor's formula we get for some 6 G [0, 1], 

u{x + y + yi) u{x + yi) {{Vuj){x + Oy + yi),y) 
vo{x + y)> — = —— + 

> vo{x) + {Jiuj){x + 9y,y) - e > vo{x) + ^inf ^(Jiw)(x + ty,y) - e, 

and the first inequality in (2) follows. The proof is complete. □ 

2.2. Subfamilies of Gaussian type weights. Next we discuss further appropri- 
ate conditions for subfamilies to ^q(R'^) and show that these subfamilies contain 

both ^e(R'^) as well as all weights of the form u]{x) = Ce'^'^l^, when C > 0, c G R 
and < 7 < 2. 

In the following definition we list most of the needed properties. The definitions 
involve global conditions of the form 



w(2V2Ax) 



<Ce, l-9e < X<1, X eK'^, (2.5) 



and 



lim sup r-TTTT. — ^ < 1, 

Xi G V, X2 G V-^, X = Xi + X2 e R'^, (2.6) 

for some vector space V. Here the dilation factor 2^/^, is needed because of the 
relation between the Bargmann transform and the short-time Fourier transform in 
(ll.29p . and the quasi- norms in Definition 11.141 
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Definition 2.3. Let V C R*^ be a vector space. 

(1) The weight u G <^q(R'^) is called dilated suitable with respect to e G (0, 1], 
if there are constants > and 9^ G (0, 1) such that fl2.5p holds. If both 
oj and 1/oj are dilated suitable with respect to every e G (0, 1], then u is 
called strongly dilated suitable; 

(2) The weight u G ^q(RJ^) is called narrowly dilated suitable with respect to 
e G (0, 1] and V, if it is dilated suitable with respect to e, and (12. 6 p holds 
for every Xi E V and some equivalent continuous weight Uq to u. If u and 
1/u are narrowly dilated suitable with respect to V and every e G (0, 1], 
then u is called strongly narrowly dilated suitable. 

The set of strongly dilated and strongly narrowly dilated suitable weights with 
respect to V are denoted by ^£)(R'^) and v(^^) respectively. Furthermore we 
set ^%{R'^) = ^% y{R'^), when V = {0}. We note that ^^ ^(R'^) is increasing 
with respect to V, and that ,^^y(R^) C ^dC^'^)- 

If u is f- moderate for some v, then u is moderated by some function which grow 
exponentially. It follows easily that u satisfies (12. 5p in this case. Hence, any weight 
in is dilated suitable. 

In the following proposition we stress the latter property and prove that we in 
fact have that C . 

Proposition 2.4. Let V C R*^ be a vector space. Then the following inclusions 
are true: 

^0 (R^) C ^° (R*^) Pi ^g(R'^) ^ ^g(R'^) U ^ci'R'^) ^ ^q(R^) 
Furthermore, z/ C > 0, < 7 < 2, t G R, and u{x) = Ce*l^l', X G R'^, then 

Proof. All the inclusions, except J!^e ^ "^^^ are immediate consequences of the 
definitions. 

Therefore, let u G i^£;(R'^), and let Vq be the same as in (12.31) . By Lemma [2.11 
we may assume that u is elliptic. 

We shall prove that (12. 5p and (12. 6p holds for u and 1/uj, for every choice of 
e G (0, 1], and since /^e is a group under multiplications, it suffices to prove these 
relations for u. Since the left-hand side of (12. 5p is equal to 1 as x = 0, the result 
follows if we prove 

^ ' , <l + CoVT^, 0<A<1, (2.7) 

for some constant Cq which depends on e G (0, 1). 

Let e G (0, 1) be fixed. We have vo{x) < Ce"-^'^' for some C > 1, and we choose 
R> such that 
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Since < A < 1 we have < A. Hence Lemma [2.21 gives 

^^^M^— ^ < t;o((l - A)x)e-(^-^)l^lV2. (2.8) 

IjJ[Xx) 

We shall estimate the right-hand side, and start by considering the case when 
|x| < -R/-\/l — A. Since vo{0) = 1 and (1 — \)x stays bounded, the right-hand side 
of fl2.8p can be estimated by 

<Ci(l-A)|x|e-^(i-")l^l'/2 + l, 

where the last inequality follows from the fact that vq is locally Lipschitz continuous, 
in view of Lemma 12.21 Since 

(l-A)|x|e-^(i-^)l^l'/^<i?v/r^ 

cLS I X I < R/y/l — A, we obtain 

?7o((l - A)a;)e-"(i~^)l^l'/^ < 1 + Cii?^!^, \x\ < R/VT^, 

and fl2.7p follows in this case. 

Next we consider the case i?/vl — A < |a;| < R/{e{l — A)). Then we have 

^^o((l-A)x)<Ce^(i-^)l^l<Ce^^/^ 

and 

g-(i-A)|x|2/2 < e"^'/^ 

which gives 

l/e 



((1 - A)x)e-^(i-^)l^l'/2 < Ce«^/^-^'/2 ^ ^i-i/. (^^^RC-.RVaj < 1^ (2.9) 

where the last inequality follows from our choice of R, together with the fact that 
C > 1. This proves (12. 7p in this case. 

Finally, we consider the case R/{e{l — A)) < From the assumptions on R, it 
follows that R > 2C/e, which implies that 

C - \x\/2 <C - R/{2e) <C - eR/2 < 0. (2.10) 

Then 

t;o((l - A)a;)e-(i-^')l^l'/2 < ^eC(i-A)|.|g-(i-A)|x|V2 

^ (j^{l-X)\x\iC-\x\/2) ^ ^^R(C-eR/2)/e ^ 

where the last inequalities follows from (12. 9p and (I2.10p . This gives (12. 7p also for 
R/{e{l — A)) < and the proof is complete. □ 

In most of our investigations, the pairs of weights and mixed norm spaces fulfill 
the conditions in the following definition. 
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Definition 2.5. Let = L^(\^) be a mixed norm space on R-^ such that ffTTSD 
and (OD]) hold for some p G [1, cx)]", and let u G ^q{'R'^). Then the pair {^,u) 
is called feasible {strongly feasible) on R'^ if one of the following conditions hold: 

(1) z/i(=^) > 1 and u is dilated suitable with respect to e = 1 is strongly- 
dilated suitable); 

(2) z/2(=^) < oo, and u is dilated suitable with respect to £ = 1 (cj is strongly 
dilated suitable); 

(3) pi = oo, 1 < p2, • • • ,Pn-i < OO, pn = 1, and u is narrowly dilated suitable 
with respect to e = 1 and V = {0} (w is strongly narrowly dilated suitable 
with respect to V = {0}). 

In some situations it is convenient to separate the case (3) in Definition 12.51 from 
the other ones. Therefore we say that the pair {^,u) is narrowly feasible {strongly 
narrowly feasible) if it is feasible and satisfies (3) in Definition 12.51 

We note that if ^ fulfills (1) or (2) in Definition 1231 and u e ^e{'R'^), then the 
pair {^,uj) is feasible. If instead ^ fulfills (3), then Proposition 12.41 shows that 
the pair {j3§, u) is narrowly feasible. 

The following result related to Lemma [271] shows that for any weight in <^^g'(R'^), 
it is always possible to find a smooth equivalent weight. 

Proposition 2.6. Let u be a weight on R'^ such that (11.31) holds. Then u G 
^g(R''^)- Furthermore, there is a weight ojq G S^ci^'^) H C^{Rf) such that the 
following is true: 

(1) for every multi-index a, there is a constant Ca such that 



(2) (12. ip holds for some constant C ; 

(3) if in addition u is rotation invariant, then uo is rotation invariant. 

In the proof and later on we let Br{a) denote an open ball in R'' or with 
radius r > and center at a in R'^ or C^, respectively. 

Proof. Let B = Bc{0), where c be the same as in (11. 3p . and let < G C^{B) 
be rotation invariant such that J dx = 1. Also let -00 ^ C'|^(3i?) be rotation 
invariant such that < ipo ^ ^ and ipo{x) = 1 when x G 2B. Then it follows by 
straight-forward computations that (l)-(3) are fulfilled when 



It remains to prove that ujo,uj G ^g(R'^), and then it suffices to prove that cjq 
satisfies (II. 4p . Let 1 < t G R, a;o G R'^ be fixed such that |xo| = 1, and let 



|9"a;o(x)| <C,a;o(a:)(x)l"l; 




inf Un{x 

\x\=l 



and C2 



sup (X'o(x). 

\x\=l 



Then (1) implies that 



iP{t) = i:,,{t) 



Uo{tXo), 
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t > 1, 



satisfies 

^'{t) - Ctij{t) < and ip'{t) + Cti){t) > 0, < Ci < ^(1) < C2, 
for some constant C > wliicli is independent of Xq. This implies tliat 

Since Ci and C2 are independent of the choice of xq on the unit sphere, fll.4p follows 
from the latter inequalities. Hence ujq G and the proof is complete. □ 

We finish this section by proving the following result on existence rotation in- 
variant weights in our families of weights. 

Proposition 2.7. Let V he equal to 

^(R'^), ^s(R'^), ^^(R'^), 

^Z5(R'), ^S(R"), ^g(R') or ^q(R'^). 
IfuEV, then there are rotation invariant weights ui,U2 &V such that 

For the case V = we need the following lemma. 

Lemma 2.8. Let f G L^^(R"') be such that for each 5 > 0, there is a constant 
Ce > such that 

|/(a:)|<C,e^l^l^ 

Then there is a rotation invariant u G ^q^R!^) such that \ f\ < u. 
Proof. Let 

g^\f\+e and ho{x) (2.11) 

Then 

lim h{x) = 0, (2.12) 

>'00 

for h = Hq due to the assumptions. 

Now set 

dy, \x\ > 2, 

where < ip E C^(R'^) is rotation invariant, supported in the unit ball, and 
satisfies Hv^Uli = 1- Then it follows that hi is rotation invariant, smooth and 
larger than ho in ^2, where Qr = R'^\i?r(0). Furthermore, fl2.12p holds for h = hi, 
and since ho is bounded in Qi, it follows that h^^^ is bounded in ^2 for every 
multi-index a. 

Hence, if \y\ < l/\x\ with x G ^3, Taylor's formula gives 

\hi{x + y) + hi{x -y)- 2hi{x)\ < C\y\'^ < C/\x\'^. 
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hiix) 



(f{x-y) 



sup 

\yo\>\y\-i 



hoivo) 



By again using the fact that hi is bounded in Q2, it follows that 

, X fs^P|y|<3 \9{y)\ when |x| < 3, 

UJ[X) = < 

when|x|>3, 

is rotation invariant, larger than g and fulfills ([L3])'- This together with (12.121) 
shows that u G <^^q(R'^), and the result follows. □ 

Proof of Proposition \2. 7[ \iV = S^'q , then the result is an immediate consequence 
of Lemma 12.81 and the fact that is a group under multiplications. By straight- 
forward computations it also follows that lo in Lemma 12.81 is dilated suitable or 
strongly dilated suitable when this is true for /. This proves the statement for 
V = ^d{^'^) and for V = ^%{R'^). 

For V = ^ we may choose Uj = Cj{- for appropriate constants Cj and Nj, 
and if "P = we may choose ujj = Cje^^^ ' ' ^ for appropriate constants < Sj < 1, 
Cj and Cj. If instead V = ot V = ^q, then similar is true after the condition 
on Sj is replaced by sj = 2. 

It remains to consider the case V = ^q. Therefore, assume that u G and 
set 

^2{x) = sup uj{z) and u!i{x) = inf u{z). 

\z\=\x\ \z\=\x\ 

Now choose c and C such that ( 11.31) holds, and let x,y be such that \x\ > 2c and 
\y\ < c/\x\. Then for each e > 0, there exists z G such that \z\ = \x\ and 

uj2{x) < u{z) + e. 

By ([L3D we get 

uj2{x) < uj{z) + e < C inf u{z + uq) + e 

\yo\<c/\x\ 

<C inf 0J2{x + yo) + e <Cuj2{x + y) + e. 

\yo\<c/\x\ 

This proves that uj2{x) < Cuj2{x + y). In the same way it follows that ijJ2{x + y) < 
Cu2{x). Since 002 fulfills similar types of estimates as u, it follows that 002 is 
subgaussian. In the same way it follows that ui is subgaussian, and the result 
follows for P = . □ 

2.3. Examples. Next we give some examples on weights in ,^^^(R'^). First we 
note that any weight of the form ag and Ui in Example 11.31 belongs to ^(R'^) 
in view of Proposition 12.41 In order to give other examples it is convenient to 
consider corresponding logarithmic conditions on those weights. We note that if u 
is a weight on R'^ and ip{x) = logu;(x), then (11. 4p is equivalent to 

\ip{x)\<C + €\x\^, (2.13) 

for some positive constants C and e. The conditions (II. 3p and (II. 3p ^ are the same 
as 

\if{x + y)-if{x)\<C, \x\>2c, |y|<c/|x|, (2.14) 
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and 

\({){x + y) + ^{x-y)-2i^{x)\<C, \x\>2c, \y\<c/\x\, ^lA^ ' 

respectively, for some positive constants c and C. Finally, uj and 1/uj are dilated 
suitable with respect to e G (0, 1], if and only if there are constants > and 
9e e (0, 1) such that 

|(^(Aa;)-(^(x)| <C^ + £(1-A2)|xp, 1 - < A < 1, (2.15) 

and uj and l/uj are narrowly dilated suitable with respect to £ G (0, 1] and V = {0} 
when 

limsup f |</?(Ax) - - £(1 - \'^)\x\^) = 0. (2.16) 

In particular, the following lemma is an immediate consequence of the definitions. 

Lemma 2.9. Letu be a weight on H'^, and let (p{x) = loga;(x). Then the following 
is true: 

(1) w G ^q{TV^), if and only if (12.141) holds for some positive constants c and 
C , and for every e > 0, there is a positive constant C such that (12.131) holds: 

(2) uo G <^^q(R'^), if and only if (I2.14p ^ holds for some positive constants c and 
C , and for every e > 0, there is a positive constant C such that (12.131) holds: 

(3) uj G ^^(R*^), if and only if (127141) ^ holds for some positive constants c and 
C , and for every e > 0, there are positive constants C , and 9e G (0, 1) 
such that iKWf . fl27[5D and fl236D hold. 

Example 2.10. Let uj{x) = x G R'^, for some choice of t G R. Then it 

follows by straight-forward computations that (f{x) = log <f{x) = (x) log(x) satisfies 
(Ell-dSISl). Hence u G (R'^) H (R'^). 

Example 2.11. Let uj{x) = r((x) + 1 + r) and (p{x) = logw(x), where F is the 
gamma function, and r > — 2 is real. Then we have 

uix) = {2n{{x) + r)Y'' {^^^\ (1 + o((x)-^)). 



by Stirling's formula. This is gives 

ip{x) = ^ log(27r) + log(x) + (a:)(log(x) - 1) + V(a;), (2.17) 

where ipi^) is continuous and satisfies 

lim {x)iIj{x) = 0. (2.18) 

\x\—^oo 

By straight-forward computations it follows that the first three terms in (12.171) 
satisfy the conditions (I2.13p -( l2.16p . Furthermore, the condition (I2.18P together 
with the proof of Proposition 12.41 show that also ip{x) satisfies (I2.13p - (l2.16p . Con- 
sequently, u G ^%{K'^) n ^^{R'^). 

The following result shows that there are weights in {^ij fl \ ^ which fulfills 
(10. ip for some polynomial v. 
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Proposition 2.12. Let u{x,$,) = (1 + |a;|''|.^|'')* for some r > and s G R\0. Then 
u belongs to (^^(R^"^) fl .^^(R^'^)) \ ^(R^'^) and fulfills (El]) for some polynomial 

V. 

Proof. Since j!^q, and 1^ are groups under multiplications, and invariant under 
mappings a; i— )• for t 7^ 0, and that u is equivalent to 

c.o(x,o = (l+l^^/'le^/Y'^^ 

we may assume that r = 1/2 and s = 1. 

It is obvious that u fulfills (10 .ip for some polynomial f , and by straight-forward 
computations it also follows that (II .Sp is fulfilled. Furthermore, by choosing x, y,C,,i] & 
R'^ in such way that |?7| = l/\y\ and = |^| = 1, it follows that 

u{x + y,^ + ri) ^ 1 + |x + t/|i/2|^^^|i/2 

sup r > sup = 00. 

y,v ^{y,V) \v\=^/\y\ 2 

This implies that u ^ 

It remains to prove that u G ^ij, which follows if we prove that for every e >, 
then (12. 6p holds for V = {0}, after R*^ and x have been replaced by R^'^ and (x,^), 
respectively. 

Here it is obvious that (12.61) is true with u = coq, since 

a;(x,0 

with equality when x = =0. Let 

hit,,t2) = ^ ^ , ti, t2 > 0. 

J- + Ay/tit2 

Since 

u{Xx,\0 - co{\x,XO 

and h{0, 0) = 1, the result follows if we prove 



lim ( sup h{ti,t2)) = 1. 



tl,t2>0 

Now, by straight-forward computations it follows that 



^sup^h{ti,t2) = h{to,to), where to = 2A~ V V^^/ 

and it is straight-forward to control that /i(to,^o) ~^ 1 as A — t- 1 — . The proof is 
complete. □ 
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3. Harmonic estimates and mapping properties for the Bargmann 
transform on modulation spaces 

In the first part of tlie section we establisfi certain invariance properties of spaces 
of harmonic or analytic functions. Thereafter we apply these properties to prove 
that Aq{u, ^) = A{u, for appropriate weights u. In the end of the section we 
use these results to prove general properties of A{u, ^) and M{u, for example 
that they are Banach spaces when ^ is a mixed norm space. 

3.1. Analytic and harmonic estimates. Let fl be an admissible family of weights 
on R"', and let ^ be a mixed quasi-norm space on R*^. (Cf. Definition 11.41 ) Then 
we prove that subsets of 

Ei{n, SS) = {f e L[„,(R'^) ; fuem for every u e n} 

and 

E2{n, ^) = {f e Ll^iR'^) ; fueM for some ooen}, r = i/i(^), 

of analytic or harmonic functions are independent of the choice of Recall 
here that i^i(i^) is the smallest involved Lebesgue exponent in <^^, and belongs to 
(0, oo]. Also recall that is a mixed norm space, if and only if i^i(i^) > 1. Some 
restrictions are needed when considering subsets of harmonic functions. 

It is easy to prove one direction. In fact, by the definitions and Holder's inequality 
we get 

where j = 1,2 and r = min(l, i/i(i^)) (3.1) 

(with continuous inclusions). 

In order to establish opposite inclusions to (13. ip . for corresponding subsets of 
analytic or harmonic functions, we will use techniques based on harmonic estimates 
for such functions. 

We start with the following result. Here and in what follows we let 'H(R'^) be 
the set of harmonic functions on R"^. 

Proposition 3.1. Let Q C ^Q{Rf-) he an admissible family of weights on Rf", and 
let SS\ and SS2 he mixed norm space on R'^. Then 

E,{n,^i)f]n{R') = Ej{n,^2)f]n{R''), j = 1,2. (3.2) 

Proof It suffices to prove Ej{Q, L^)nn^ Ej{Q, L~) n "H, in view of (KT\f . 
Assume that / G E2{fl, L^) fl "H. By (ll.6p and the assumptions we have 

il/IUi <oo and u;i<C(-)-V (3.3) 

for some u^uji eVL and some constant C > 0. Let c and C be the same as in (II. 3p . 
Then the result follows if we prove 

ll/xlUp^^) <oo, (3.4) 
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when X is the characteristic function of { x G R"^; |x| > 2c}. 

Since / G 7/(R'^), the mean- value property for harmonic functions gives 

f{x) = c-,\\x\/cY [ f{x + y)dy, 

J\y\<c/\x\ 

where Cd is the volume of the (i-dimensional unit ball. If |a;| > 2c, then (x) < Ci\x\ 
for some constant Ci > 0, and (11.31) and (13. 3p give 



c,-i(|x|/c)V(x) / f{x + y)dy 
\y\<c/\x\ 



\f{x)u,{x)\ 



<Ci / \f{x + yMx)\dy 

J\y\<c/\x\ 

<cj |/(x + y)u{x + y)\dy< C^WfWn , < oo, 

J\y\<c/\x\ 

for some constants Ci and C2. This gives (13. 2 p for j = 2. By similar arguments, 
(13. 2p also follows for j = 1. The details are left for the reader. The proof is 
complete. □ 

Next we discuss similar questions for spaces of analytic functions, i. e. we present 
sufficient conditions in order for the identity 

Ej{Q,^i)nA{C'^) = Ej{Q,^2)nA{C'^), 3 = 1,2. (3.5) 

should hold. 

Theorem 3.2. Let Q be an admissible family of weights on ~ R^*^, and let SS\ 
and SSi be mixed quasi-norm spaces on C^. Then (13.51) holds. 

Furthermore, for every fixed u E Q, there are uJi,U2 G Q and constant C > 
such that 

C ^\\F\\a(u)^,.^j2) ^ \\F\\a(u),.^Ji) < C\\F\\A{uj2,.^g2)^ F e A{C'^). (3.6) 

For the proof we need the following lemma, concerning mean-value properties 
for analytic functions. 

Lemma 3.3. Let v be a positive Borel measure on which is rotation invariant 
under each coordinate zi, . . . , E C, Ti, . . . ,Tn be (complex) d x d-matrices, and 
let Fi, . . . ,Fn G ^(0*^). Also let r > 0, and let Q C be compact and convex, 
which is rotation invariant under each coordinate Zi, . . . , Zd E C. Then 



and 



n \ [ ^ 

n^^W = ^ / \{P^^^ + T,w)du{w) 

.7 = 1 ^ ' -^^.1 = 1 



(3.7) 



j=i ^ > j=i 



{3.i 
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Proof. Let G{z,w) = YYj=iFj{z + Tjw). Then w H- G{z,w) is analytic. By the 
mean-value property for harmonic functions we get 

z, w) diy{w), 



which is the same as (13. 7p . 

From the same analyticity property it follows that the map w ^ \G{z,w)\^ is 
subharmonic, in view of [55] Corollary 2.1.15]. Hence, by [3Sl Theorem 2.1.4] we 

get 

|G(z,0)r<-^ / \G{z,w)\^du{w), 



which is the same as fl3.8l) . and the proof is complete. □ 

Proof of Theorem \3.2[ We only prove (13.51) for j = 2, leaving the small modifica- 
tions of the case j = 1 for the reader. By fl3.ip it suffices to prove 

E2{Q, U) n A(C^) C E^iyt, n A{C^), r = v^{SS). 

Therefore, assume that F G L'") fl A{Q'^\ We shall mainly follow the ideas 
in Proposition 13.11 By (11. 6p and the assumptions we have 

||F||ir^^ < oo and wi < C( ■ 

for some cu, cji G and some constant C > 0. Let c and G be the same as in ([T3D'- 
Then the result follows if we prove that (13. 4p holds when x is the characteristic 
function oi {z \\z\> 2c}. 

By Lemma [3.31 and Cauchy-Schwartz inequality we get 

|i"(^Vi(^)r <C2i(|^|/c)VW / \F{z + w)F{z-w)\'-/^dX{w) 

J\w\<c/\z\ 

<Gi f \F{z + w)F{z-w)uj{zf\'''^d\{w) 

J\w\<c/\z\ 

<G2 [ \F{z + w)uj{z + w)\'/^\F{z-w)uj{z-w)\'/^d\{w) 

J\w\<c/\z\ 

<G2 [ \F{z + w)uj{z + w)\'/^\F{z-w)uj{z-w)\'/'^d\{w) 

/ r \ / /■ ^ 

<C2U \F{z + w)cuiz + w)\' Xiw)j ■ U \F{z - w)uj{z - w)]"^ Xiw) 

for some constants Gi and G2. Here recall that dX{z) is the Lebesgue measure on 
C^. This proves (13.50 for j = 2, and (13.60 . By similar arguments, (13.50 follows for 
j = 1. The details are left for the reader, and the proof is complete. □ 
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3.2. Mapping properties for the Bargmann transform on modulation 
spaces. Next we prove that Aq{u, ^) is equal to A{uj, e^) for every choice of u in 
and mixed quasi-norm space l3S. 

Theorem 3.4. Let SS he a mixed quasi-norm space on R^'^ ~ and let u G 
^giC^). Then Ao{u,^) = A{u,^), and the map f ^ from M{uj,^) to 
A{u, SS^ is isometric and bijective. 



We need some preparations for the proof, and start to show that M{u, 0) is 
a Banach space when z/i(i^) > 1, which is a consequence of the following result. 
Here, for each ip G 5i/2(R'^) \ 0, < w G /.^^(R^'^) and mixed norm space on 
R^'^, we let M^{uj, be the set of all / G (5i/2)'(R'^) such that 

Proposition 3.5. Let ^jj G 5i/2(R°') \ and cu G L^^(R^°') be such that for every 
e > there is a constant Ce > such that 

w > C-^e-^l-l'. (3.9) 

Also let ^ be a mixed norm space on 'R?'^. Then M^{u, J3§) is a Banach space. 

Proof. We may assume that ||'?/'||l2 = 1, and start by proving that M^{uj,^) is 
continuously embedded in (iSi/2,e)'(R'^), for every choice of e > 0. We have ^ 
5i/2,£o, for some eo > 0. 

Therefore let e > be arbitrary. By a straight-forward combination of Lemma 
11.61 and Proposition 11.81 and their proofs it follows that for some 5 > we have 

\\vM\s,,,,s < CshK^MK,^^,, (3.10) 

for some constant Cs > 0, which only depends on e. (Cf [15j.) 
Now we recall that 

(/> V')L2(Rd) = (V^f, V^(p)L2(j^2d), (f G 5i/2,e(R'^), 

for any / G M^{u,^). Hence, (13. 9p . (13.101) and Holder's inequality give 

I(/,¥')l2| = \{V^f,V^ip)L2\ < \\f\\M^{uj,Sg)\\V^(p/(^\\fiJ' 

<C7l||/||M,K^)||KA¥'■e^l■l^(.)-2.-l||^,^, 

< Ci\\f\\M^(uj,.^)\\'^\\si^2,e^ 

for some constants Ci, ...,6*4 > 0. Consequently, M^{ijj,i3S) is continuously em- 
bedded in (5i/2,e)'(R'*) and in (5i/2)'(R'^) for every e > 0. 

Now let be a Cauchy sequence in M^{u), M). Since (iSi/2,e)'(R°') decreases 

when e decreases, (II. 7p ^ in combination with the previous embedding properties 

1/2 

fj f in {<Si/2,ey as j 00. 
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show that there is a element / G (5i/2)'(R'^) (which is independent of s) such that 



Since V^fj — )■ V^f pointwise, it now follows that / G M^{u,^) by Fatou's 
lemma. This shows that M^{u,^) is a Banach space, and the proof is complete. 

□ 

Next we consider the case when SS = L'^ and lo is rotation invariant in each 
coordinate. In this case we have the following. 

Lemma 3.6. Let u G ^q(R^'^) he rotation invariant. If 

Cq = 11^ II 42 ) then {caZ jaeN'' 
is an orthonormal basis for yl^^j(C'^). 



In the proof of Lemma 13.61 and in several other situations later on, we encounter 
the integral 

r ( (2ttY n = 

/ e'<"'^>d^=r ' when Ad = [0,27r]^ and n G Z^. (3.11) 

Proof. First we prove that the scalar product (z°,2;'')^2 ^ is zero when a ^ (3. By- 
polar coordinates we have 

where 

r = (ri,...,rd) G [0,oo)^ and 9 = {9i, . . . ,9^) E A^. 

Furthermore it follows from the assumptions that uj{z) = Wo(2~^/V), for some 
positive function ojq on [0, ooY- Hence fll.32p and (13.111) give 

(z-, z^)^2 = 7r-%„)(« + /3) ■ / e*^°-^'^) d9 = 2%„)(2a)5„,^, 

where 



/ Uo{r)r°'e ''"'Vi ■ ■ ■ dr > 0, a G N° 

JfO.oo)'* 



d 

u7ol,' j7- e ■ ■ I'l ■ ■ ■ I'dW ^ u, u; t i> 

[0,oo)« 

and Sa,i3 is the Kronecker's delta function. In particular, {z", z^)j^2 = 0, if and 
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only if a 7^ /3, and we have proved that {caZ°'} is an orthonormal system for A'^^y 
It remains to prove that the set of linear combinations of CaZ"" spans Af^^. By 
Hahn-Banach's theorem, it suffices to prove that if F G and 



(F,2")^2 =0 for all a gN^ (3.12) 

implies that F = 0. 

Therefore assume that (I3.12[) holds. Since F is entire, it follows that its Taylor 
series expansion 

F{z) = Y,a^z^, "^ = ^! ^^-^^^ 
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is locally uniformly convergent, and that 



'^lapr^lKoo (3.14) 

holds. Hence (13.111) gives 



vr 



[0,00 





[0,oo)<* \ ^ \JA 



■d 



= 2'*/(,,)(2a)a,. 

Since /((jQ)(2a) > 0, we get = for every a. Consequently, F is identically zero, 
and the proof is complete. □ 

We may now prove Theorem 13.41 in the important special case that SS = L"^ and 
bj is rotation invariant in every coordinate. 

Proposition 3.7. If u ^ ^qIC^) is rotation invariant in each coordinate, then 
Ao{u,L^)=A{co,L^). 

Proof. We use the same notations as in the proof of Lemma 13. 6[ The image under 
the Bargmann transform 23 of the hermite function ha is z°'/{a\Y^'^. Since M^^-^ is 
a Banach space in view of Proposition 13. 5[ and QJ is isometric and injective from 
M^^^ to A^^^ , it follows from Lemma 13.61 that 

is an orthonormal basis of M^^^, and that 03 is bijective from M^^^ to ^(^)- D 

Remark 3.8. Lemma (3.61 and Proposition 13.71 give equalities between weighted l^- 
norms of the Taylor coefficients and weighted norm of corresponding entire 
functions, when the involved weights are rotation invariant and p = 2. In general 
it is difficult to find such equalities between coefficients and functions in other 
situations when the weights are not rotation invariant, or p is not equal to 2. We 
refer to [5] for positive results in this directions. 

Proof of Theorem \3.4\ By Proposition 11.151 it follows that the map / 03/ is an 



isometric injective map from M (w, J^) to A{ui, We have to show that this map 
is surjective. 

Therefore assume that F G A{uj,j3§). Since M^ui,^) C M{u2,^), as C02 < 
Cui, it follows from Theorem 13.21 and Proposition 13.71 that there is an element 
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/ ^ ^ ^'i/2(^'^) such that F = QJ/, for some u^. We have 

||/||Af(<^,^) = ||2J/|U(a;,'^) = ||-^|U(c^,'«) < OO. 

Hence, / G M{u, SS\ and the resuh follows. The proof is complete. □ 

As a consequence of Theorems 13.21 (2) and 13.41 we may identify the space T(R'^) 
in Remark 11.101 with unions of modulation spaces. More precisely we have the 
following. 

Proposition 3.9. Let SS he a mixed quasi-norm space on R^'^. Then 

|Jm(u;,^) = T(R'^), 

where the union is taken over all rotation invariant u G ^q(R^'^). 

Furthermore, z/0<7<2, 0<e< min(7, 2 — 7) and uj{x,^) = C'e'^'''^'^"'"'^'^^ 
for some constants C > and c G R which are independent of x,C, G R'^, then the 
following is true: 

(1) z/c> 0, then 5i/(^+,)(R'^) C M{u,^) C 5i/(^_,)(R'^); 

(2) zfc<0, then S[/^^_^^{R'') C M{io,^) C S[/^^^^^{K''). 

Proof. By Theorems 13.21 (2) and 13. 4[ we may assume that ^ = L°°. By the 
assumptions on u we get M^-^ C T. 

Let / G T(R'^). Then it follows from Proposition 11.91 Lemma [2.81 and the fact 
that is a group under multiplications that 

for some 00 G ^q(R^'^), where (j){x) = Tx^'^l'^e-\^\^ 1'^ . This is the same as / G M'^y 
and the first part follows. 

The assertions (1) and (2) follow by similar arguments in combination of Propo- 
sition 11.91 and are left for the reader. The proof is complete. □ 

4. Basic properties for spaces of analytic functions and 

modulation spaces 

In this section we establish basic properties for the spaces A{uj, SS') and Miyj, !M) 
when bj is an appropriate weight and ^ is a mixed quasi-norm space. In view of 
Theorem 13.41 any property of A{lo^SS^ carry over to M{uj,M), and vice versa. We 
start by proving that these spaces are quasi-Banach spaces. Then we prove that if 
V2{SS^ < 00, then P{C^) is dense in A{u, and that the dual of A{u, I^) can be 
identified with A{l/uj, e^') through a unique extension of the A^ form on P{C^). A 
straight-forward consequence of the latter results is that P{C^) is dense in ^(0;, M) 
with respect to the weak* -topology, when > 1. (Recall Subsection 11.41 for 

the definitions of z/(=^^) and i'2{^2)-) Thereafter we introduce the concept of narrow 
convergence to get convenient density properties for certain ^ with t^i(i^) = 1 and 
= 00. Finally we formulate corresponding results for modulation spaces. 
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A cornerstone of these investigations concerns the projection operator 

(n^F)(z) = J F{w)e^'^^U^{w), (4.1) 

related to the reproducing formula fll.26p . Here recall that dfi{z) = vr'^^e"'^'^ dX{z), 
where dX{z) is the Lebesgue measure on C^. The minimal assumption on F is that 
it should be locally integrable on and satisfy 

e^l-l-l-I'lliP < oo for every > 0, (4.2) 

where p G (0, oo] is fixed. We note that is fulfilled for p = 1 if F G Ll^{C'^) 
and satisfies 

J \F{z)\e-^^'^' dX{z) < oo for some 7 < 1. (4.3) 

Lemma 4.1. Let 7, 5 > and let F E Ll^^{C'^). Then the following is true: 

(1) if p E [1, c>o] and F satisfies (14. 2p . then II^-F is an entire function on C^; 

(2) ifp G (0, 00] and F satisfies (14. 2 p and in addition is entire, then HaF = F; 

(3) if 4:6(1 — 7) > 1, then for some constant C > it holds 

||(n^F)-e-^l-n|^, <C7||Fe-^M^||^. 
when F G L]^^{C^) and satisfies fl4.3l) ,- 

(4) z/7 < 3/4 and (I4l3i) is fulfilled, then 

(F, G)b2 = {F, UaG)b2 = {UaF, G)b2, (4.4) 
for every polynomial G (which is analytic) on C^. 

Proof. By Hoder's inequality we may assume that p = 1 when proving (1). Let 
E{z,w) = F(w)e(^'"')-I"'l'. The condition (H^D implies that if ^ G AT, where K C 
is compact, then for each multi-index a we have that d'^E{z,w) is uniformly 
bounded in with respect to w. The assertion (1) is now a consequence of the 
fact that z 1— )■ E{z, w) is entire. 

bmce is an admissible family of weights, we may 

assume that p = 1 m view of Theorem 13. 2^ when proving (2). The assertion then 
follows from the same arguments as for the proof of Lemma A. 2 in [17] . In order 
to be self-contained we give here a proof. 

For every mutli-index a we have 

{d'^E){z,w) = e("'"')-l"'l'w"F(u;) 

and 

{d':d^E){z,w) = 0. 

Hence, by the assumptions it follows that the map w [d'^E){z,w) belongs to 
L^(C°') for every z G C^, and that Fq = HaF in (14. ip is analytic with derivatives 

id''Fo)iz)= [ e("'"'VF(w)rf/i(w). (4.5) 
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In particular we have 

((9°Fo)(0) = /" virF{w)d^i{w). (531)' 

We have to prove that Fq = F. Since both F and Fq are entire functions it 
suffices to prove 

a"Fo(0) = 9°F(0), 

for every mult i- index a. 

li w = (ric^^i, . . . , r^e*^'*), where r = (ri, . . . , r^) G [0, oo)'' and 6 = {9i, . . . ,0^) E 
Ad = [0, 2nY, then and (USD' give 



a"Fo(0) = / w'^F{w) dfiiw) 

= 71''^ [ ( [ r"e-^<^'°>F(rie*^S . . . , rae'^^yi ■ ■ ■ rrfe"!"!' do) dr 



T^-^ / r°ri ■ ■ ■ rde-l''lV„(r) dr, (4.6) 



where 



JJr)= / e-*<^'">F(ne^^\... 



By (13.141) it follows that we may interchange the order of summation and integra- 
tion. This gives 

J„(r) = ^a^r^ /" e^<^'^-"> rf^ = (27r)Vr", (4.7) 

in view of (13.111) 

By inserting (14. 7p into (14.61) and taking Uj = r| as new variables of integration, 
fl37[3|) gives 



9"Fo(0) = 2 V / r^^n ■ ■ ■ r-de-l^l' dr 



a„ / ^°e-("^+-+"'') du = a^al = d"F{0). (4.8) 

'[0,00)'' 



This proves (2). 

The assertion (3) follows from the inequality 



and (4) is obtained by choosing 5 > 1 in the latter estimate, giving that 



{z,w) ^ F(w7)G(z)e("''")-l"'l'e-l^l' 
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belongs to L^(C'^ x C^) when G is a polynomial. The relation fl4.4p is now an im- 
mediate consequence of the reproducing formula fll.261) applied on G, and Fubbini's 
theorem. □ 

Remark 4.2. We note that if F G A{C'^) and satisfies (112D, then 
and 



giving that 

9"F(0) = (F, z")^2 (4.9) 

(see also [3]). 

In fact, the first formula follows by replacing F by z^-F in the reproducing formula 
and using (2) in Lemma 14. 1[ For the second formula we note that the condition 
(14. 2 p and reproducing formula give 



d'^Fiz) = ^"(y F{w)e^''^'"U^i{w) 



and the result follows. 

Remark 4.3. It follows from the the proof, and especially (14. 8p . of the previous 
lemma that if Fi, F2 G A^C^), (i2]) holds for F = Fj and p = 1, j = 1, 2, and that 

(Fi,GU2 = (F2,G')^2, GeP(C'^), 

then Fi = F2. 

Next we prove that A{uj,^) and M{u,j3§) are Banach spaces when z/i(e^) > 1. 

Theorem 4.4. Let Ui G ^qIC^), U2 G ^qIC^) and ^ be a mixed quasi-norm 
space on C"'. Then the following is true: 

(1) Miuji^I^) and A{ijJ2,^) are quasi-Banach spaces; 

(2) if in addition > 1, then M{ui,j3^) and A{u2,^) are Banach spaces. 

Proof. By Theorem 13.41 it suffices to prove the result for A{uj2,^)- Since the 
statement is invariant under dilations, we may assume that (11.41) holds for u = U2 
and c = 1/8. Furthermore, since it is obvious that || ■ \\b{lj2,^) ^ norm when 
> 1, it suffices to prove (1). 
By Theorem 13.21 it follows that A{co2, ^) is continuously embedded in A{ujq, L^), 
for some choice of Uq G ^q. Furthermore, it follows from the proof of Theorem 
13.21 that we may choose uq such that it satisfies (11.41) with c = 1/6. Consequently, 
any F in A{uJo, L^) fulfills (g^) with p = I. 
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Now let {Fj)JLi be a Cauchy sequence in A{(jj2,!^)- Since both B{(jJ2,^) and 
B{ujq, L^) are quasi-Banach spaces, it exists an element F G B{uj2, fl B{ujq, L^) 
such that Fj — >■ F in B{oj2, ^) and B{uo, V-) as j — >■ oo. 

We have to prove that F e yl(C^). By the assumptions and Lemma l^?T] it follows 
that Fq = HaF in (14. 1|) defines an analytic function, and that 

f,(.)^/f,(u,)e...»..,W 

for every j. Furthermore, for each compact set K (1 there is a constant C > 
such that 

sup \Fj{z) - Fo{z)\ < TT-^ [ \Fj{w) - FH|e-l"'l'+^l"'l dX{w) 

K J 

a„ j mw) - FH|e-l"'l'/2u;o(2^/'wJ) dX{w) = C\\F, - (4.10) 



TT 



< 

where 



=esssup(e-l'"l'/2+^l'"l/u;o(2^/'^U)) < 



and C is a constant. Since the right-hand side of fl4.10p turns to zero as j — )■ oo, it 
follows that Fj — )■ Fq locally uniformly as j — > oo. This proves that F = Fq, which 
is analytic, and the result follows. □ 

4.1. Density and duality properties. Next we prove that if <^ is a mixed norm 
space with i'2{^) < oo, and that the weight co G ^q(C'^) in addition should be 
dilated suitable, then the set P{C^) of polynomials on is dense in A{u, Fur- 
thermore, in this situation we also prove that the dual of A{uj, ^) can be identified 
with A{l/uj, SS'\ through a unique extention of the A? form on P(C'^). 

An important part of these considerations concerns possibilities to approximate 
elements F in Aiuj, SS) with their dilations F[\ ■ ) for < A < 1. We note that the 
latter functions belong to 

ApiQ'^) = {F ^ AiQ'^) ■ F ■ e-(i--)l-lV2 ^ ^ some £ > }, (4.11) 

and that 

P(C^) C ApiC'^) C A{uj, ^), when u; G ^^(C^). 



This is a straight-forward consequence of Theorem 13.21 and the definitions. 

Proposition 4.5. The set AplC^) in (14.111) is independent of the mixed quasi- 
norm space on C^. Furthermore, if is a mixed norm space on and u G 
^q(C'^), then P(C'^) is dense in Ap(C'^) with respect to the topology in A{u),^). 

Proof. The first part follows immediately from Theorem 13. 2[ and the observation 
that 

^ = |g-(i-.)|.|V2.o<£<i, zeC} 
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is an admissible family of weights on C^. 

The first part then shows that we may assume that = V" and a; = e^"''' 
for some small £0 > which depends on A > 0, when proving the second part. 
The result is then an immediate consequence of [171 Prop. 3.2]. The proof is 
complete. □ 

Remark 4.6. By similar arguments, using Proposition 13 . 1 1 instead of Theorem 13. 2 [ 
it follows that 

{ / G H(R'^) ; / ■ e-(i-^)l"l'/2 e for some e > } 

is independent of the mixed norm space on R'^. Here recall that 7^(R'^) is the 
set of harmonic functions on R'^. 

Our result on duality is the following. 

Theorem 4.7. Let uj G ^q(C°') he dilated suitable and SS he a mixed norm space 
on such that V2{^) < 00. Then the following is true: 

(1) the form on P(C'^) extends uniquely to a continuous sesqui-linear form 
on A{u,^) X A{l/u,^'); 

(2) the dual of A{u,M) can be identified by A[l/uj, through the extension 
of the form on P{C'^). 

Here we recall that = L^' (V), when ^ = Lp(V), and p G [1, 00]" and V are 
given by (OD])- 

We also have the following result on density, which is strongly connected to the 
proof of Theorem 14.71 

Theorem 4.8. Let u G ^q^C^) be dilated suitable, l3§ be a mixed quasi-norm 
space on such that i'2{^) < 00, and let F G A{u, SS^ and G G A{uj, SS'\ Then 
the following is true: 

(1) P(C'^) is dense in A{uj,^). If in addition > 1, then P(C'^) is dense 
in A{ijj,^') with respect to the weak* -topology; 

(2) ifO<\< 1, then F{X-) F in A{u,^). If zn addition > 1, then 
G{X ■ ) — i- G with respect to the weak* -topology in A{uj, . 

We start by proving the first parts of (1) and (2) in Theorem 14. 8[ Thereafter we 
prove Theorem 14.71 and finally we prove the last parts of (1) and (2) in Theorem 

1131 

Some preparations for the proofs are needed. We start by recalling the following 
generalization of Lebesgue's theorem. 

Lemma 4.9. Let p G (0, 00), be a positive measure, and let fj, /, Qj, g G L^{dfi) 
be such that fj — )• / and gj g pointwise a. e. as j 00, \fj\ < gj, \ f\ < g and 
\\gj\\Lp{dfi) \\g\\Lp{dii) as j 00. Then fj f in LP{dfi) as j 00. 

Proof. Let q = max(l,p). Then the result follows by applying Fatou's lemma on 
2'^{gP + g^) — 1/ — fj\^. The details are left for the reader. □ 
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The first part of Theorem 14.81 (2) is an immediate consequence of the following 
lemma. 



Lemma 4.10. Let < loq E L^^(R'^) be such that 

uJo{x) < Cujo{Xx), X eK'^, 1 - 6 < X < 1, 

for some constants 9 G (0, 1) and C > 0, and let and SS he a mixed quasi-norm 
space on TV^ with z/2(=^) < oo. Also let f E L[^^(R'^) be such that f -uq E J^, where 
r = Then /(A ■)ujqE 3^ when I - 6 < X <l, and 

hm ||(/-/(A-)Vo||.^ = 0. (4.12) 

Proof. We only consider the case when j3§ = Lp(R^), p E (0, oo). The straight- 
forward modifications to the general case are left for the reader. 
By the assumptions we have 

\f{Xx)cuo{x)\<C\f{Xx)cuo{Xx)\, 

and it follows that ||/(A ■ )a;o||LP < CA^'^/^H/woUlp < oo, by a simple change of 
variables in the integral. Hence {/(A ■ )wo}i-e<A<i is a bounded set in L^. 

By straight-forward approximations, it follows that we may assume that / E 
Co(R'^) and Uq E C{TV^) when proving (14.121) . Then the result follows if we choose 
g\{x) = |/(Ax)|, g{x) = \f{x)\ and dfi{x) = uq^x) dx in Lemma The proof is 
complete. □ 

Proof of the first parts of Theorem \4-S\ By Lemma 14.101 it suffices to prove that if 
F E A{u, ^) and A < 1 with 1 — A small enough, then ||-F(A ■ ) — can be 

made arbitrarily small as G G P(C°'). 

Let s G R be chosen such that A < s < 1. Then it follows from the assumptions 
that 

C-'uj{z)e-\^\''^ < e-^l^l'/2 < CcoiXz)e-'''\^\'/', 
for some constant C. In particular, we have 

||i^(A ■ ) - G|U(^,,^) < C||(F(A ■ ) - G)e-'^-^'/'y (4.13) 

and 

||i^(A-)e-^l-l'/'IU<oo, (4.14) 

for some constant C > 0. 

By fOij) it follows that F(A ■ ) belongs to the set 

A^AC") ^{FE AiC") ; ||F ■ e-*l ' ^'/'y < oo }, 

when t = s. Since the same is true for any choice of t G (A, s), Ap^t increases with t, 
and that { e"*! ' 1'/^ ; A < t < s } is an admissible family of weights, it follows from 
Theorem 13 . 21 that fl4.13p and (14.141) hold after s has been replaced by an appropriate 
t E (A, s), and p = (1, . . . , 1). Since P(C'^) is dense in Ap,t{C'^) with p = (1, . . . , 1), 
in view of (ITj Proposition 3.2], it follows that the right-hand side of (14.131) can be 
made arbitrarily small, and the assertion follows. This completes the proof of the 
first parts of Theorem 14.81 (1) and (2). □ 
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Next we turn to the proof of Theorem 14.71 First we note that if A{u, ^) is the 
same as in Theorem 14.71 and / G {A{u,^)y, then 



1{F) = J F{z)G{z)dfi{z), FeA{u,^), (4.15) 

for some G G B{l/u,^'). (Note that the mixed norm space is the dual to ^ 
when V2{^) < oo and the LP' form is used.) In fact, it follows from the definitions 
that there is a constant C > such that 

|/(F)| <C||F||b(.„«) (4.16) 

when F G A{uj,l3S). By Hahn-Banach's theorem it follows that / is extendable to 
a linear continuous form on B{u,j3§) and that fl4.16p still holds for F G B{u,l3§). 
The formula (14.151) now follows from well-known results in measure theory. 

From now on we let Iq be the continuous linear form on A{oj,^), defined by 
(I4.15P when G G B{l/u, ^'). Then it follows from the previous investigations that 
the map G i— )■ is surjective from B{l/u},3S') to {A{uj,^))'. 

In what follows we link the kernel of the latter map with the kernel 

N{uj, SS) = {F e B{uj, SS) ; HaF = } 

of the projection operator. Here we note that every F in B{u, ^) for u G ^q(C'^) 
and mixed norm space fulfill the required properties in Lemma 14. 1[ 

Lemma 4.11. Let ^ be a mixed norm space on and assume that u G =^^q(C'^) 
is dilated suitable. Then the following is true: 

(1) N{ijj,^) is a closed subspace of B{uj,j3§); 

(2) if V2{^) < oo, then the kernel of the map G Iq, from B{1/uj,^') to 
{A{uj,^)y IS equal to N{l/uj,^'). 

Proof Assume that Fj G N{uj,M), j > I, converges to F G B{u,^) in B{u,^), 
as j — )■ oo. If C is compact, then for some constant Ck, depending on K, 
Holder's inequality gives 

sup |H^F| = sup \Ua{F - Fj)\ < Ck\\F - ^ 

as j — 7- OO. This proves (1). 

(2) By the first part of Theorem 14.81 (1) it suffices to prove that Ig{F) = for 
every polynomial F on C^, if and only if G G N{l/u,J^'). By Lemma [4.11 (4) it 
follows that 

Ig{F) = Iu,g{F) = (F, G)a^, F g P{C'), (4.17) 

and G G B{l/u, ^'). This proves that /g = when G G N{l/uj, BS'). 

On the other hand, if Ig{F) = for every polynomial F, then (14.91) and (14.171) 
show that the entire function HaG satisfies 

(a"H^G)(0) = 0, 

for every a. This implies that HaG = 0, i.e. G E N{l/u, ^'), and the proof is 
complete. □ 
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Remark 4.12. Let u G J^qIC^), ^ be a mixed norm space on C'', and let A^:{u, 
be the completion of P(C°') under the norm || ■ ||A(t^,.«)- Then the same arguments 
as in the proof of Lemma 14.111 give that the kernel of the map G ^ Iq, from 
B{l/u, to {A^{oj, is equal to N{l/u, ^'). 

We note that this generalizes Lemma (4.111 (2), since if in addition V2{^) < oo, 
then A^,{u, ^) = A{uj, ^) in view of the first part of Theorem 14.81 (1). 

As a consequence of Lemma r4.11l it follows that if V2{^) < oo, then the surjective 
and continuous map G ^ Ig from B{l/uj, I^') to {A{uj, M))' induces a homeomor- 
phism from the quotent space 

C(l/w,^') = B{l/oj,^')/N{l/u,.Sg') 

to {A{uj , l3^)y . Here note that Lemma 14.111 implies that G{l/u,j3^') is a Banach 
space under the usual quotent topology. 

Proof of Theorem \4. 7[ Let C^(l/c<;,^') be equal to C{1/lo,^') equipped by the 
induced weak*-topology on {A{u, ^))' ■ For each G e B{l/u, SS') we write G* = G 
mod Niljuj,^') for its image in C{l/uj,^') under the quotent map. Then it 
follows that C^(l/ci;, is a local convex topological vector space, and that the 
separating vector space of linear functionals on C^(l/u;, =^') is equal to 

{ A ; A(G*) = for some F G A{u, dS) }. 

Note here that the equality A(G*) = lai^) makes sense since Lemma [4.111 gives 
Igi{F) = ^G2{F) when Gi,G2 G B{l/u,^) are two different representatives of G 
mod N{l/u, and F G A{uj, dS). 

Since ^a{F) = F when F G A{l/u,^'), it follows that the map G ^ G 
mod N{l/u,^') from A{1 / u , to G{l/u,^') is continuous and injective. Let 
Go{1/ijJ, be the image of this map. The result follows if we prove that Go{l/u, = 
C{l/u,^'). 

By Hahn-Banach's theorem it suffices to prove that if A is a linear and continuous 
functional on C^(l/a;, which is zero on Gq{1/uj, ^'), then A is identically zero. 
Since the dual of C^(l/c<;, is equal to A{uj, when using the A"^ form, we have 

A(G*) = Ap(G*) = (G,F)a2, 

for some F G A{u, 

Now Af{G*) = when G G A{1/uj,^'). In particular Af{z'^) = {z'',F)a2 = 
for every multi-index a. Since 9°'F(0) = {F, z")^'^ in view of Remark 14.21 it follows 
that the entire function F is zero together with all its derivatives at origin. This 
implies that F is identically zero, and hence, A is zero. This proves the result. □ 

Remark 4.13. By Theorem 14. 71 and its proof it follows that if w G <^^q(C'^) is dilated 
suitable and is a mixed norm space such that i'2{^) < oo, then the mappings 

G^Ig and G^ G* 

from A{l/u,^') to {A{u,^))' and from A{l/u,^') to C(l/w,^') respectively, 
are bijective and continuous. Hence these mappings are homeomorphisms by the 
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open mapping theorem. In particular, the norms in respective space are equivalent, 
giving that for some C > it holds 

C '^\\lG\\{A{Lj,fij)Y < ||G'*||c(i/tj,,«') < < C\\lG\\(A{Lu,m)y, 

when G G A{1/uj,^'). 

The end of the proof of Theore'm \4.S\ We start to prove the second part of (2). Let 
F G A{l/u,^) be fixed, and choose the vector spaces Vj C and p G [1, C)o) 
such that ^ = LP{V) when V = (Vi, . . . Vn)- Then it follows by straight-forward 
computations that 

|(G-G(A-),i^UH 

< C\\S{F . e-l ■ 1^/2 - \-''F{ . /A)e-(2-^^)l ' lV(2A^))/a;|U.(v), 

where C = Co||G||a(<^,,«') < oo, for some constant Co > 0, and S is the operator in 
fOSj) . By taking 2~^/^z/X as new variables of integration we get 

\{G-GiX-),F)^.\ 

< CiA1|(F(A ■ )e-^^l-l^/2 - \-''F ■ e-(^-^V2)| ■ . ))||^^^^^^ (4.18) 

for some constants c and Ci. 
Now we set 

^^(z) = (F(A^)e-"'l^l'/2 - A-2'^F(^)e-(i-^'/2)l^l')/a;(2i/2;^z) 
for the last integrand. By (12. 5p . we get |$a| < ^a, where 

^^J^{z) = |F(A2)|e-^'l^l'/Vw(2'/'Az) + CA-2'^|F(z)|e-l^l'/2)/c^(2V2^), 
provided the constant C is chosen sufficiently large. Since $a — pointwise, and 

^a(^) ^ (C + l)F(z)e-l^l'/Va;(2i/2^) 

in LP{V) as A —7- 1— in view of Lemma r4.10[ it follows from Lemma that $a — 
in LP{V) as A — 7- 1 — . This implies that the right-hand side of f l4.18p turns to zero 
as A — )■ 1—, and the second part of (2) follows. 

It remains to prove the second part of (1). Let G G A{u, and F G A{l/u, ^). 
By the second part of (2) it suffices to prove that for some < A < 1 and some 
polynomials Gj we have 

liGiX"^ ■) -Gj,F)A2\ ^0 as j ^ 00. (4.19) 

Therefore, let Gj be a sequence of polynomials on C^. By Proposition 14.51 we 

get G{\-)e-\-\'/^ G L^iC^), and 

|(G(A^ ■ ) — Gj, F)^2| < \\G{\'^ ■) — Gj\\A{ui,m')\\F\\A{i/ui,.^) 

< G\\ {G{X ■)-G,{- /A))e-I ' ^"/^^^ ||F|U(im,^), (4.20) 

42 



for some constant C . In the last inequality we have applied Theorem 13.21 with 
^1 = and = ^ on the estimates 



\G{\w) - G,{w/X)\e-\'"^''^^^'^uj{2^'^w/X) 

< C\G{\w) - G,-(tt;/A)|e-l"'l'/(2^) < C\G{\w) - G,•(u7/A)|e-l"'l'/^ 



for some constant G. 

Consequently, if = 1 and Gj are chosen such that Gj{- /\) — )■ G{\-) in 
A{ujq, L}) as j — i- oo, then fl4.19p follows from f l4.20p . The proof is complete. □ 

4.2. Narrow convergence. Next we introduce the narow convergence for A{uj^ SS\ 
We note that Theorem 14.81 give no explicit possibilities to approximate elements 
in A{bj^SS) with polynomials when vxi^SS) = 1 and V2{^) = oo. In this context, 
the narrow convergence makes such approximations possible in some of these situ- 
ations. The assumptions on the involved weight functions and <^ is that the pair 
{^,u) should be narrowly feasible (cf. Definition 12.51) . 

In order to define the narrow convergence we introduce the functional 



JfAC2) ^ sup (\SiFiz)e-\^\'/')\ujiz)), z = {(1X2) ^ V, ® V,^ ^ C^, 



when F G A{u, ^). Here we recall that 5* is the dilation operator, given by fll.28p . 

Definition 4.14. Let {j3^,u) be a narrowly feasible space weight pair on C^, let p 
and V be the same as in Definition [231 and let q = {p2, . . . , Pn) and U = (V2, . . . Ki)- 
Also let F,Fj G A{u!,^), j > 1. Then Fj is said to converge to F narrowly as 
j — 7- 00, if the following conditions are fulfilled: 

(1) 5(F,e-NV2)^ ^ 5(Fe-HV2)^ in S'y^iC'') as j ^ 00; 

(2) Jf,,uj,p Jf,w,p in L'^iU) as j 00. 

The following result gives motivations for introducing the narrow convergence. 

Theorem 4.15. Let (^, w) be a narrowly feasible pair on C^. Then the following 
is true: 

(1) P(C°') is dense in A{u,^) with respect to the narrow convergence; 

(2) if F e Aiijj.SS) and < A < 1, then F(A ■ ) F narrowly as X ^ 1-. 

Proof. We start by proving (2). We may assume that 00 = uq, where uq is the same 
as in Definition 14.141 Then 

S{F{X-)e-\-\'/^)uj ^ S{Fe~\-\'/^)oo 

pointwise and in S[^2(^'^) as A — t- 1 — . 

Furthermore, if z = (Ci, C2) & Vi ® V^^ = C^, then 



Jf(X-),ui,p{C2) < GxJf,uj,p{X(2) 



where 
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in view of the definition of 5*. Since Ca — )■ 1 as A — )■ 1—, and Jf,ui,p{^ ■ ) Jf,w,p 
in L'^{U) as A — )■ 1—, in view of Lemma 14.101 it follows from Lemma 14.91 that 
Jf{x-),ui,p Jf,u],p in L'^iU) as A — )■ 1—. This proves (2). 

It remains to prove (1). Let F G A{u, ^) and < A < 1. By Cantor's diagonal 
principle it suffices to prove that there is a sequence Fj of polynomials which 
converges to F{\ ■ ) narrowly as j — > oo. Since 

\\Jf(\-),u),p — JFj,uj,p\\li(U) < \\F{\-) — Fj\\A{u),3g)-, 

it suffices to prove that Fj — )■ F{\ ■ ) in A(u;, However, this fact is an immediate 
consequence of fl2.5p . Proposition 14.51 and (2). The proof is complete. □ 

Proposition 4.16. Let {j3S,u) be a narrowly feasible pair on C^, Fj,F G A{uj,^), 
j = 1,2, . . . , be such that Fj — > F narrowly as j — oo, and let G G B{1/uj, 
Then 

{Fj, G)b'2 (F, G)b2 as j oo. 

Proof. We may assume that u = uq, where cjq is the same as in Definition I4.14[ 
and we let p, q, U and V be the same as in Definition I4.14[ It follows from the 
assumptions that 

j-s-oo 

and that 



\im Fj{z)G{z)e-\'\ = F{z)G{z)e-\'\ , {4.21] 

j-s-oo 



(4.22) 



|5(F,Ge-l-l^)(^)| < J^^,.,,(C2)|5(Ge-l-l^/2)(z)|/a;(z), 

\S{FGe'\-\'){z)\ < J^,^,,,{C,)\S{Ge-\-\y'){z)\Mz). 
Furthermore, by Holder's inequality we get 

JF,,.o,p(C2)|5(GeH-l'/2)(z)|/c^(^) ^ J^,^,,(C2)|5(GeH-l'^^ 

in //^(C^) as j — )■ oo. A combination of fl4.2ip . fl4.22p and Lemma [4.91 now implies 
that S{FjGe-\-\^) S{FGe-\-\') in L^C^) as j oo, which implies 

{Fj,G)B2 = j Fj{z)G{z) dix{z) ^ j F{z)G{z)d^i{z) = {F,G)b2 as j oo. 
The proof is complete. □ 

4.3. General properties for modulation spaces. We finish the section by using 
Theorem 13.41 in order to carry over basic results on A{ijj, SS] spaces into correspond- 
ing result for modulation spaces. 

The following result is an immediate consequences of Theorems 13. 4[ 14.71 and 14.81 
Here and in what follows we let ^o(R''^) be the vector space which consists of all 
finite linear combinations of Hermite functions. 

Theorem 4.17. Let u G ^qIC^) be dilated suitable and ^ be a mixed norm space 
on 'R?'^ such that i'2{^) < oo. Then the following is true: 

(1) the form on iSi/2(R''^) extends uniquely to a continuous sesqui-linear form 
on M{u,^) X M{l/u,^'); 
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(2) the dual of M{uj, ^) can be identified by M(l/u, through the extension 
of the L?' form on 5i/2(R°'); 

(3) .5^o(R-'^) is dense in M{u,l3S), and dense in M{u,^') with respect to the 
weak* -topology. 

The definition of narrow convergence for elements in certain modulation spaces 
is the following. Here the functional which corresponds to Jp^^^ is 

HfA(2)= sup {\V^f{x,OHx,0), z = {(^,C2)eV,®V,^ = R^'', 

Definition 4.18. Let {^,uj) be a narrowly feasible pair on R^'^, let p and V be 
the same as in Definition 12.51 and let q = {p2, ■ ■ ■ ,Pn) and U = (V2, . . . Vn). Also 
let /, fj G M{u, j > 1. Then fj is said to converge to / narrowly as j — )■ 00, 
if the following conditions are fulfilled: 

(1) fj ^ / in S'y^iR'^) as j 00; 

(2) Hf^^^^p Hf^^:p in as j ^ 00. 

By (11.301) it follows that Hf^^ = {27f)^'^^'^J<x3f,ui- Consequently, fj — > / narrowly 
in M{cl!, ^) as j — 7- 00, if and only if QJ/j — 2J/ narrowly in A{(jj, !M) as j — t- 00. 
The following result is therefore an immediate consequence of Theorems 13.41 14.151 
and Proposition 14.161 

Theorem 4.19. Let i^SS^^bj) be a narrowly feasible pair on R^*^. Also let fj,f G 
M{u,J^), j = 1,2,..., be such that fj — )■ / narrowly as j — )■ 00, and let g G 
M{l/u, . Then the following is true: 

(1) c5^o(R'^) is dense in M(cj, ^) with respect to the narrow convergence; 

(2) ifj,g)L2 (/,fi')L2 as J 00. 

In Section [6] we shall use these results to form a pseudo-differential calculus 
involving symbols and target distributions in background of the modulation space 
theory presented here. 

5. Some consequences 

In this section we show some consequences of the results in the previous sections. 
We start by establishing continuity properties of Ua on appropriate B{u, spaces. 
From these results it follows that A{uj, ^) is a retract of -8(0;, i^) under 11^. There- 
after we use this property for establishing interpolation properties for A{uj, M), and 
continuity properties of Toeplitz operators. 

5.1. Continuity properties of n^i on B{u,^). We start with the following 
result related to Lemma HIT] (3). 

Theorem 5.1. Let be a mixed norm space on H?'^ and assume that u G ^q(R^^) 
is dilated suitable. Then the map 11^ is continuous from B{uj,^) to A{uj,^). In 
particular, A{uj,^) is a retract of B{uj,j3§) under Ua. 
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Proof. By Remark 14.121 it follows that the mappings 

F ^ Lp and F mod N{uj,^) 

from A{uj,^) and B{u, ^)/N{u, ^) respectively to 

{If^Fe B{co, dS) } C SS'))' 

are well-defined, continuous and bijective. By the open mapping theorem it follows 
that the inverse of the map F ^ F mod N{oj, ^) is continuous and bijective, and 
that 

\\Fq\\a{u.,,:s)<C inf ||F + G'||b(^„^), F-FoeN{u,M), FoeA{u,^), 

(5.1) 

for some constant C . 

Now let F e B{u,^), set Fi = UaF, and choose Fq e A{oj,^) such that 
If = Ipo- Then Ip^ = Ipi on P{C^), and Lemma [4.11 and Remark 14.21 shows that 
9"Fo(0) = 9"Fi(0) for every multi-index a. Consequently, Fq{z) = Fi{z), since 
both Fq and Fi are entire. Furthermore, F — Fq E N{u,^), since the restriction 
of on A{ijj, ^) is the identity map. 

By (15. ip we now get 

||nA-F|U(i.^,.«) = II-^oIUk^) < ^ ^^j^J^ 11-^ + G\\B{iu,^) < C\\F\\B{uj,3g), 

and the assertion follows. □ 

We recall that (real and complex) interpolation properties carry over under re- 
tracts. These properties also include interpolation techniques with more than two 
spaces involved. (Cf. [l,2,8j.) In particular, the following result is an immedi- 
ate consequence of Theorem 15. 1[ Here recall that (-81,-62) [e] denotes the complex 
interpolation space with respect to G [0, 1], when (-81,-82) is a compatible pair. 

Proposition 5.2. Any interpolation property valid for the B{u,l3§) spaces also 
holds for the A{u, SS) spaces, when the weights u are dilated suitable and belong to 
0^q{C^), and SS are mixed norm spaces on C^. In particular, if0<6< 1, {u, 
and {u, ^2) o^^e feasible pairs on C^, and that SS = {^i, ^2)[e], for 9 G [0, 1], then 

{B{u, ^1), B{u, M2))[e] = B{uj, ^) and {A{u, ^i), A{u, -^2))[e] = A{u, M). 

Next we discuss further density properties of A{u,^). We recall that A^:{uj,l3S) 
denotes the completion of P(C'^) under the norm || ■ when u G ^q^C^) 

and =^ is a mixed norm space on C^. We also let B^,{u,l3§) be the completion of 
C^(C'^) under the norm || ■ ||_B(a;,,^3?). The following result links the A^:{uj,^) with 
B^u,^). 

Proposition 5.3. Let u G <^^q(C'^) be dilated suitable, and let ^ be a mixed norm 
space on C^. Then 

A{C'')[]B,{cu,^) = A{lo,^)[]B,{co,^) = A,{co,^). 
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Proof. Since A{uj,^) C A(C'^), the result follows if we prove 

A,{oj,^) CA{u,^)[]B,{u,^) and AiC^) f]B,{u, ^) C A,{uj, (5.2) 

First we prove the first inclusion in fl5.2p . Since A^:{u, <^ A{u, it suffices to 
prove that A^{uj, SS) C B^{uj,,^). 

Let F G A^:{ijj,^). Then there is a sequence Fj G P(C'^) such that ||F — 
Fj\\A{uj,^) — )■ as j — 7- oo. Hence (15 ■2p follows if we prove that for each G G P(C'^), 
there are elements G C^(C'^) such that ||G — Gj\\B{ui,.'^) — >■ as j — )■ oo. 

Let G C(j"(C'^) be chosen such that < < 1 and ^Pj{z) = 1 when \z\ < j, 
and let Gj = (pjG. By Holder's inequality, there is a constant C such that 

IIG - < G sup (|G(;2) - G,{z)\e-\'\"l^) < C{ sup \G{z)\e-\'\""^) ^ 

^ec* |z|>i 

as J — )■ oo. This gives the first inclusion in (15. 2p . 

In order to prove the second inclusion we instead assume that F G A{C^) fl 
B^{uj, and we let Fj G C^(C'^) be a sequence such that 

\\F - Fj\\B(uj,m) ^ as j oo. (5.3) 

By straight-forward computations it follows that |H^Fj(2;)| < CjC*"-''^', for some 
constants Cj > 0, which implies that H^-Fj G Ap^C^) C 74=i,(a;, i^). Hence Theorem 
15.11 and (15. 3p give 

||F - UAFj\\B(u,yj) = ||n^(P - Fj)\\Biu>,-:g) < C\\F - Fj\B{u^,:M) ^0 as j ^ oo, 

for some constant C. Since any element in Ap(C'^) can be approximated by ele- 
ments in P(C'^) with respect to the norm ^(0;, SS\ in view of Proposition 14.51 the 
result follows. The proof is complete. □ 

We may now extend (14.41) . In fact, we have the following. 

Proposition 5.4. Let (^, w) he a feasible pair on C^, and let F G A{u,^) and 
G G B{l/uj,^'). Then ^ holds. 

Proof First assume that z/2(^) < 00. Then A{uj,^) = A^{uj,^). Let Fj G P(C^) 
be such that Fj — )■ P in A{co, M) as j — )■ 00. Since Hy^P = P and H^P^ = P,-, it 
follows from Lemma 14.11 and Theorem 15.11 that 

(H^P, G)b^ = (P, G)b^ = lim (P,-, G)b^ = lim (P,-, HaG)^^ = (P, H^G)^^, (5.4) 

and the result follows in this case. 

Next we consider the case when z/i(^) > 1. Then P(l/a;,e^') = P*(l/a;,^'), 
and the result follows by similar arguments after approximating G with elements 
in G^ and using the fact that 

|(HaG)(z)| < Ge^l^l for some G > 0, 

when G G G^ which is needed when applying Lemma [4.11 (cf. (14. Sp ). 

Finally, if (i^, w) is narrowly feasible, then we choose a sequence Fj G P(C'^) 
which converges to P narrowly as j — )■ 00. By Lemma (4. 11 Proposition 14.161 and 
Theorem 15. H it follows that (15. 4p holds also in this case. The proof is complete. □ 
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The next result concerns convenient equivalent norms on A{u,j3^). 
Proposition 5.5. Let {^,u) be a feasible pair on C^, and let 

||F|| =sup|(F,G')^2|, FeA{uj,^), 

where the supremum is taken over all G G A{1/uj^i3S') such that ||G||A(i/tj,^') < 1- 
Then || ■ || a norm on A{uj,j3§) which is equivalent to \\ ■ \\a{uj,.^)- 

Proof. By Holder's inequality we get ||F|| < We have to prove that 

\\F\\A(.,m<C\\Fl FeA{u,.^), (5.5) 

for some constant C which is independent of F G A{uj, 

Let £ > be fixed, and let fl be the set of all G G B{l/uj, such that 
||G'||_B(i/aj,,'^') < 1. Then the converse of Holder's inequality and Proposition 15.41 
give 

\\F\\A(co,m = sup|(F,G)b2| < \{F,Go)bA + e = \{F,UaGo)bA + e, 
Gen 

for some choice of Go G Q. Since HaGq G A{1/u,I^') and ||HAGo||A(i/a;,^') < 
C'||G^o||b(i/w,.'3?') for some constant G, by Theorem 15.11 we obtain 

\\F\\Aiu,,m < \{F, Go) B^ \ + e = \{F,UaGo)bA + e < G sup \ {F,G)bA + 

where the supremum is taken over all G E Q (1 A{l/u),^'). Since e > was 
arbitrary chosen, fl5.5p follows. The proof is complete. □ 

5.2. Consequences for modulation spaces and Toeplitz operators. Next 
we use Theorem 13.41 to carry over the previous results for A{u, ^) spaces into 
modulation spaces. First we need to investigate how H^ is linked to the composition 
o VJ, where is the (Hilbert-) adjoint of V^. Here we let V^F be the unique 
element in S'^j^iJ^'^) which satisfies 

iy;F,g)L^n^) = (F,\/^^?)i2(R2.), g G ^o(R'), 

when F G 5^/2 (f^^*^)- We also let Hm be the continuous operator on 5(^2(1^^'^) 
given by Hm = K/. o V^*, and note that Hm is a projection from S'^j^i^'^) onto 
V^{S[j,{n'')). 

Lemma 5.6. Let uj G ^q(C°'), and let SS be a mixed norm space on R^'^. Then 

Ha = t/2j o Hm o f/^\ 
on B{u,^), where U<:q is given by f ll.3ip . 

Proof. Let F G B{uj,^), Fq = U^^F, g G y'oi'R'^), Go = V^g and G = U^Gq. 
Then Ha/ Go = Go, and 

(F,G)b2 = iU^Fo,U<^Go)B^ = (Fo,Go)l2 = iFo,V^g)L2 

= iV;Fo,g)L2 = iUMFo,V^g)L^ = (HmFo,Go)l2 

= {U^{UmFo),G)b2 = {{U<soUmoU^')F,G)b^, 
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where Uf!j{IlMFo) = Q3(V^*Fo) is analytic and satisfies fl4.2p . Furthermore, (F, G)b2 = 
(n^F, G) B2 in view of Lemma [4.11 (4). A combination of these equahties now gives 

Since also HaF is analytic it follows from Remark 14.31 that 

([/^onA/of/-i)F = n^F, 

and the result follows. □ 

The following result is now an immediate consequence of Theorems 13.41 and 15. 
and Lemma Here and in what follows we let ^{uj) be the set of all / G //^(R'^) 
such that = is finite, when is a mixed norm space on R"' and 

uj E ^q(R'^). In this situation we also set ^'(cu) = 

Theorem 5.7. Let SS he a mixed norm space on and assume that u G ^^'^(C'^) 
is dilated suitable. Then the following is true: 

(1) Um is continuous from ^{u) to V^{M {uj , ^^)) ; 

(2) is continuous from j3§{u) to M{uj,j3§). 

In particular, V,f){M{u,^)) is a retract of B^{u) under Um- 

The next results are immediate consequences of Theorem 13.41 Propositions 15. 2[ 
15.41 and l5.5t and Lemma [5. 6[ 

Proposition 5.8. Any interpolation property valid for the B{u,^) spaces also 
hold for the M{u, J3§) spaces, when the weights u are dilated suitable and belong to 
^q(R^'^), and SS are mixed norm space on R^'^. In particular, if0<6<l, {u, SS\) 
and (cj, O'f^ feasible pairs on R^"', and that SS = (^1, ^2) [6*]; for 6 G [0, 1], then 

iM{u, ^1), M{u, M2))[e] = M{u, SS). 

Proposition 5.9. Let (^SS^bj) be a feasible pair on R^*^, and let f G M{u,^) and 
G G ^'{l/co). Then 

Proposition 5.10. Let {^,uj) be a feasible pair on R^'', and let 

||/||^sup|(/,^)i2|, /GM(a;,^), 

where the supremum is taken over all g G M{1/ijj, such that \\g\\M{i/uj,a') < 1- 
Then \\ ■ \\ is a norm on M{u,j3S) which is equivalent to \\ ■ ||a/(<.j,^)- 

Next we consider Toeplitz operators and Berezin-Toeplitz operators. Let a G 
5i/2(R^'^) be fixed. Then the Toeplitz operator Tp(a) is the linear and continuous 
operator on iSi/2(R'^), defined by the formula 

(Tp(a)/,5()i2(Rd) = {aV^f,V^g)L2(^R2dy (5.6) 

There are several characterizations and several ways to extend the definition of 
Toeplitz and Berezin-Toeplitz operators (see e.g. [51 [3 [131 [H [HI ESI ED E21 El El 
[55] and the references therein). For example, the definition of Tp(a) is uniquely 
extendable to every a G 5^/2 (R^'^), and then Tp(a) is continuous on iSi/2(R ). 
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Furthermore, it follows from (15 .Op that Tp(a) is uniquely extendable to a continuous 
operator from T(R'^) to S'-^^^^CR^). 

Toeplitz operators arise in pseudo-differential calculus in [23|[39]. in the theory of 
quantization (Berezin quantization) in [7]), and in signal processing in [17] (under 
the name of time-frequency localization operators or STFT multipliers). There 
are also strong connection between such operators and Berezin- Toeplitz operators 
which we shall consider now. 

Let e^i,^2 be mixed norm spaces on R^'^ ~ C^, Wi,W2 e ^^(R^"') ~ ^^(C^), 
a G J3^i{ui), and S be as in (ll.28p . Then the Berezin- Toeplitz operator T(u(a) is 
the operator from A{uj2, ^2) to AlC^), given by the formula 

T^{a)F = UA{{S-'a)F), F G A{uj2, ^2). (5.7) 

It follows from (ESD that if a G S'y^iR'^'^) and / G S'y^iR'^), then 

(y^oTp^(a))/ = nM(a-Fo), where Fo = V^f. (5.8) 

Hence 

T<a(a) oQJ = QJoTp(a), (5.9) 
for appropriate a G S[^2(^'^'^)^ by Lemma 15^ 

We have now the following result. Here we recall that if pj = {pj,i, ■ ■ ■ ,Pj,n) ^ 
[1, 00]", j = 0, 1, 2, then 1/pi + l/p2 = l/po means that l/pi,k + l/P2,k = l/po,k for 
every k = 1, . . . ,n. 

Proposition 5.11. Let SSj = L^^{V), j = 0,1,2, be mixed norm space such that 
l/pi + l/p2 = l/po, and let uj G ^liK^'^) ~ ^^(C^) for j = 0,1,2. Also let 
a G I^i{u)i). Then the following is true: 

(1) the Toeplitz operator Tp{a) is continuous from M{uj 2-, ^2) to M{ujq,J^q); 

(2) the Berezin- Toeplitz operator Tfrr(a) is continuous from A{u2, ^2) to A{ujq, ^q) . 

Proof. The assetion (2) follows immediately from the definitions and Holder's in- 
equality, and (1) is then an immediate consequence of (2) and (15. 9p . The proof is 
complete. □ 

6. Pseudo-differential operators 

In this section we state results on pseudo-differential operators in background 
of the modulation space theory from the previous sections. The proofs are in 
general omitted, since the results follows by the same arguments as in [FrH55] in 
combination with the results in previous sections. 

6.1. General properties of pseudo-differential operators. We start with the 
definition of pseudo-differential operators. Let t G R be fixed and let a G iSi/2(R^'^). 
Then the pseudo-differential operator Opj(a) with symbol a is the linear and con- 
tinuous operator on 5i/2(R'^), defined by the formula 

(Op,(a)/)(x) = {27r)-'J j' a((l - t)x + ty, 0/(l/)e^<^-^'«> «• (6.1) 
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The definition of Opj(a) extends to eacfi a e S'^i^i^'^), and tlien Opj(a) is contin- 
uous from 5i/2(R'^) to S'^i^^^'^)- (Cf. e.g. [U], and to some extent in More 
precisely, for any a G S'^j^i^^^'^), the operator Opj(a) is defined as the linear and 
continuous operator from 5i/2(R'^) to S'^i^i^'^) with distribution kernel given by 

Ka^t{x, y) = (^2~'«)((1 - t)^ + ty,x-y). (6.2) 

Here J^2F is the partial Fourier transform of F{x,y) G S[^2(^^'^) with respect to 
the y variable. This definition makes sense, since the mappings ^2 and F{x, y) ^ 
— t)x + ty,y — x) are homeomorphisms on S[^2(^'^'^)- 
On the other hand, let T be an arbitrary linear and continuous operator from 
5(R'^) to 5'(R'^). Then it follows from Theorem 2.2 in [IQ] that for some K = 
Kt G 5^/2 (R^'^) we have 

{Tf,g)L2{R'i) = {K.9®l)LHn?d), 

for every f,g E iS(R'^). Now by letting a be defined by (16.21) after replacing Ka^t 
with K it follows that T = Op^{a). Consequently, the map a Op^(a) is bijective 
from S'y^iK'^'^) to ^(5(R'^), 5'(R^)). 

If t = 1/2, then Opi(a) is equal to the Weyl quantization Op'" (a) of a. If instead 
t = 0, then the standard (Kohn-Nirenberg) representation a{x, D) is obtained. 

In particular, if a G S[^2(^'^'^) s,t G R, then there is a unique b G 5(^2 (R^'^) 
such that Op^(a) = Opj(6). By straight-forward applications of Fourier's inversion 
formula, it follows that 

Op,(a) = Op,(6) ^ bix, = e'(*-^)<^-^«>a(x, 0- (6.3) 

(Cf. Section 18.5 in [2Zj-) Note here that the right-hand side makes sense, be- 
cause e**^*~^^^-^"='-^«^ on the Fourier transform side is a multiplication by the function 
giit-s)(x,^) ^ which is a continuous operation on S[^2(^'^'^)^ view of the definitions. 

Let t G R and a G S'^^i'R^'^) be fixed. Then a is called a rank-one element with 
respect to t, if the corresponding pseudo-differential operator is of rank-one, i. e. 

OPi(a)/ = (/,/2)L2/i, (6.4) 

for some /i,/2 G S'^^^i^''')- Here / G 5i/2(R'^). By straight-forward computations 
it follows that ([63D is fulfilled, if and only if a = (27r)^/Wj^ where the Wj^j^ 
t-Wigner distribution, defined by the formula 

Wlj^ix, = ^(/l(x + t ■ )/2(x-(l-t)-))(0, 

which takes the form 

Wlf.^{x,0 = (27r)-^/2| f,la: + ty)f2{x-{l-t)y)e-'^y'^Uy, 

when /i, /2 G 5i/2(R'^). By combining these facts with (16. 3p . it follows that 
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for each /i,/2 G S'^^^i.^"^) s,t G R. Since the Weyl case is important to us, 
we set Wj_^j^ = Wf^j^ when t = 1/2. Then Wf^j^ is the usual (cross-) Wigner 
distribution of /i and /2. 

Next we discuss the Weyl product, twisted convolution and related objects. Let 
a, 6 G S'^i^i^'^) be appropriate. Then the Weyl product a#6 between a and h is 
the function or distribution which fulfills Op"'(a#6) = Op'" (a) o Op"" (6), provided 
the right-hand side makes sense. More generally, if t G R, then the product #f is 
defined by the formula 

Op,(a#,6) = Op,(a)oOp,(6), (6.5) 
provided the right-hand side makes sense as a continuous operator from 5i/2(R'^) 

The Weyl product can also, in a convenient way, be expressed in terms of the 
symplectic Fourier transform and twisted convolution. More precisely, the sym- 
plectic Fourier transform for a G 5i/2(R^'^) is defined by the formula 

Here a is the symplectic form, which is defined by 

a{X,Y) = {y,0-{x,v), X = {x,0 e R'", Y = {y,r]) e R^^ 

where (■, ■) denotes the usual scalar product on R'', as before. 

It follows that ^„ is continuous on 5i/2(R^'^), and extends as usual to a home- 
omorphism on S[^2{^'^'^)^ ^^"^ ^ unitary map on L^(R^°'). Furthermore, is 
the identity operator. 

Let a,b & 5i/2(R^°'). Then the twisted convolution of a and b is defined by the 
formula 

(a b){X) = (2/7r)'^/2 J ^(^x - Y)b{Y)e^'''^^'^^ dY. 

The definition of *o- extends in different ways. For example, it extends to a con- 
tinuous multiphcation on L^^j(R^'^) when p G [1,2] when v G I3^e{^'^) is sub- 
multiplicative (cf. [5^), and to a continuous map from S'^i^i^'^) x 5i/2(R^'^) to 

S[i2{B?'^) n C^{Ye'^). If a, 6 G 5^/2 (R^^^), then a#b makes sense if and only if a *J) 
makes sense, and then 

a#6 = (27r)~^/2a *^ (^^6). (6.6) 
We also remark that for the twisted convolution we have 

^^(a *^ b) = {^,a) *^b = d*^ (^^6), (6.7) 

where d{X) = a{—X) (cf. [5T],[53]). A combination of (16. 6p and (16. 7p gives 

^a{a#b) = {2Tir^l\.^,a) i^^b). 
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For admissible a,b,c G 5(^2(1^^'^)) follows by straight-forward computations 
that 

(ai *^ a2,b) =(ai,6*^ 02) = (02, ai *^ 6), (ai *^ 02) 6 = ai (02 *a 
(ai#a2,6) = (ai,6#a^) = {a2,W#b), (ai#a2)#6 = ai#(a2#6). 

6.2. Pseudo-differential operators and modulation spaces. Next we con- 
sider questions on Weyl quantizations of pseudo-differential operators in the con- 
text of modulation space theory. It is then convenient to use the symplectic Fourier 
transform and the symplectic short-time Fourier transform, instead of correspond- 
ing "ordinary" transformations. Here the symplectic short-time Fourier transform 
of a G 5^^2(1^^'^) with respect to the window function \1' G iS'i/2(R^'^) is defined by 

V^a{X,Y) = ^^{a^{- - X)){Y), X, y G R^*^. 

Let {^,Lo) be an admissible pair on R"^*^. Then ^A{oJ,^) denotes the modulation 
spaces of Gelfand-Shilov distributions on R^*^, where the symplectic short-time 
Fourier transform is used instead of the usual short-time Fourier transform and the 
window function "^{X) here above is equal to 

^X) = (2/7r)'^/2g-l^l', 

in the definitions of the norms. In a way similar as for the usual modulation spaces, 
we set 

when p,q & [1, 00]. It follows that any property valid for the modulation spaces in 
previous sections carry over to spaces of the form A4{u, 

The choice of window function is motivated by the simple form that the fol- 
lowing results attain. For the proof we refer to the results in previous sections in 
combination with the proof of Proposition 4.1 in [Ff] . 

Proposition 6.1. Let pj,qj,p,q G [l,oo] such that p < Pj,qj < q, for j = 1,2, 
and that 

1/pi + I/P2 = l/qi + l/q2 = l/p + l/q. 
Also let uji,uj2 G ^^(R^"') andue ^^(R^"') be such that {LP^'i^{R^'^),ujj), j01,2, 
and (LP''^(R'*'^), cu) are admissible pairs and satisfy 

uj{X, Y) < CuJi{X - Y)i02{X + Y). 

Then the map (/i, /a) ^^ Wf.j^ from >S;/2(R'^) x S'^^iR'^) to S'^^iR^"^) restricts to 
a continuous mapping from M^^f^\R'^) x M^^^f{R'^) to A^[^'')(R2'^), and 

ll^/i.^lUfJ' < C'll/illA/fi-'ill/allMPi^) 

(tJ) {"1) (t^2) 

where the constant C is independent of fj G M^^'^^(R'^), j = 1,2. 

We now arrive on the following continuity result for pseudo-differential opera- 
tors. Again we omit the proof, since the result is a straight-forward consequence 
of Proposition 4.12 in |57] and its proof in combinations with the results on mod- 
ulation spaces in previous sections. 
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Theorem 6.2. Let p,q,pj,qj G [l,C)o] forj = 1,2, be such that 

111111 , , 

= = -H 1, q<P2,q2<P- (6.8) 

P2 Pi q2 qi P q 

Also let CO e ^^{'R^'^) and uji,uj2 E ^^(R^'^) be such that (L^^'^^ (R^^), w^) and 
{LP''^ (IV''^) , co) are admissible pairs and satisfy 

'^^^^,<Cu.(X.Y), (6.9) 

for some constant C > 0. If a e M^^;^^{R'^'^) , then Op"' (a) from 5i/2(R'^) to 
S[^2(R'^) extends uniquely to a continuous map from M^^^^(R°') to M^^^^^(R'^). 
Moreover, if in addition a belongs to the closure of .5^0 (R^'^) under the norm 

Op- (a) : Mf-5^(R'^)^Mf-f(R'^) 



Imp-i , then 



is compact. 

Next we consider algebraic properties of modulation spaces under twisted con- 
volution and Weyl product. These investigations are based on the following lemma 
together with the observations 

= TT^'^^ and $ *^ $ = 2'^$ 



(cf. [Sg). We refer to |52l|59] for its proof. 

Lemma 6.3. Assume that Oi G T(R2^), as G 5i/2(R^^), $(X) = (2/7r)'^/2g-|xp 
and X, y G R^*^. Then the following is true: 

(1) the map 

Z ^ e^'''^^'^\V^ai){X -Y + Z,Z) {V^a2){X + Z,Y - Z) 
belongs to L^(R^'^), and 

V$(ai#a2)(X,r) 

= j e2'"(^'^HV$ai)(X -Y + Z,Z) (V$a2)(X + Z,Y - Z) dZ ; 

(2) the map 

Z ^ e'^'''^^'^~^\V^ai){X -Y + Z,Z) (V$a2)(F -Z,X + Z) 
belongs to L^(R^'^), and 

V<,(ai *^ a2)(X,y) 

^2ia{X,Z-Y)^y^^^^^X _Y + Z,Z) {V^a2){Y - Z , X + Z) dZ. 
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The following two theorems now follows by combining the results in previous 
sections and using similar arguments as in the proofs of Theorem 0.3' in and 
Theorem 2.2 in j59j. The details are left for the reader. Here and in what follows, 
the involved Lebesgue exponents should satisfy conditions of the form 

l + + (6.10) 

11111111 , , 

0<- + <-,-<- + , J = 0,l,2, (6.11) 



Pi P2 Po Pj qj qi 92 go 



and 



11111111 , , 

0<- + <—,-<— + , J = 0,1,2. 6.12 

qi q2 go Pj qj pi P2 po 

Furthermore, the involved weight functions should satisfy 

uJo{X,Y) <CuJi{X -Y + Z,Z)uj2{X + Z,Y - Z), X, F, Z e R^^ (6.13) 

or 

uJo{X,Y) <CuJi{X -Y + Z,Z)uj2{Y - Z,X + Z), X,Y,ZeK^'^. (6.14) 



Theorem 6.4. Let loj G ^^{R'^'^) andpj^qj G [l,oo] be such that (LPj''?j (R' 
are admissible pairs for j = 0,1,2, and fl6.10p . fl6.1ip and fl6.13p hold. Then the 
map (01,02) Oi#02 on ^o(R^'^) extends uniquely to a continuous map from 
Ml-^;{R'') X Ml-^;{R"^) to Mi:'^;{R''), and 

||'3'l#0.2|| A^PO-'O ^ C'llc^lllx*'!'''! 11*^211 A^J'a.M, 
("O) ('^l) ("2) 

where the constant C is independent of aj G A4^^''^-^ (R'^'^) , j = 1,2. 



Theorem 6.5. Let coj G ^^(R^"') andpj,qj G [l,oo] be such that (^^^'^(R 
are admissible pairs for j = 0,1,2, and fl6.10p . fl6.12p and f l6.14p hold. Then the 
map (01,02) H- Oi *o- 02 on ^o(R^'^) extends uniquely to a continuous map from 
y^jn,.i(j^2d) ^ W^^{R'') to >Vf:;^°(R2'^), and 

\\(^l *a O2||vv;TO.90 < C||Oi ||y^;Pi.9i ||02||yyP2.'J2, 

where the constant C is independent of aj G W^*(R^'^), j = 1,2. 

Remark 6.6. We note that uj, j = 0,1,2, fulfills all the required properties in 
Theorem 16. 4[ if 



(6.15) 

'^°^^'^^-.2(X + F)- 

for some appropriate i/i, z/2, z/s G 0^q{R^'^). Note here that such types of conditions 
appears for uj in Theorem 16.21 
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6.3. Examples on calculi of pseudo-differential operators. Next we give 
some examples on symbol classes and continuity properties for corresponding pseudo- 
differential operators. We are especially focused on symbol classes of the form 
M^jI(R^'^), because they are to some extend linked to certain classical symbol 
classes in the pseudo-differential calculus. We have for example that 

^M(j^2.) ^ Pi M^,)ljR'% (6.16) 

N>0 

where u G ^(R^'^) and ujn{X,Y) = io{X){Y)-^. Here ^("^(R^'^) is the symbol 
class which consists of all a G C°°(R^'^) such that {d°'a)/uj G L°°(R^'^) for every 
multi-index a. (Cf [Ml Rem. 2.18].) 

We also remark that fl6.16l) can be used to carry over properties valid for modula- 
tion spaces into S^^^ spaces. For example, in [36| Rem. 2.18] it is proved that The- 
orem El and (Km imply c ^('^I'^O when a;i,a;2 G ^. (See ^ Sec. 
18.5] for an alternative proof of the latter fact.) 

As a consequence of Theorems 16. 2l and l6.4[ and Remark 16.6 1 we have the following. 

Proposition 6.7. Letp,q G [l,c>o], z/i,z/2,z/3 G i^£)(R^'^) anduo,Ui,U2 G 
he such that fl6.15p is fulfilled. Then the following is true: 

(1) if aj G A^^'"^^(R^°'), then the mappings 

Op-(ai) : Mf;^)(R'^) ^ Mfj^^R^), 0^-{a,) : Mfj^^R^^) ^ Mfj^^R^^) 
are continuous; 

(2) the map (01,02) ^ CLi#<i2 is continuous from A^^^"'j(R^'*) x A^^^^^(R^'^) to 
Corollary 6.8. Letp,qe [l,oo], u G ^^(R^^) and 

-(■-■^''-^- ("^) 

Then the following is true: 

(1) ifae A^P)^(R2^), then Op™(a) «s contzntxons on MJ;J(R'^); 

(2) (A^J^'^(R2'^),#) zs an algebra. 

Proof. The result follows by letting ui = 1/2 = 1^3 = ly and = Wi = W2 = 1^ in 
Proposition 16.71 □ 

Example 6.9. Let u{X) = e'^l^l^ for < 7 < 2 and some constant c G R. In this 
case, u in f l6.17p is given by 

u;(X,F)=e'=(l^-^l"-l^+^l"). 

In the case 7 < 1 one may use the inequality co{X, Y) < e^''^'''^'^ to conclude 
that Op'"(a) is continuous on Mj;J(R'^), when a G TWJ^;^) and ujo{X,Y) = e^\''\-\Y\\ 
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More generally, let iyj{X) = e'^-''^'^, for < 7 < 2 and some constants cj G R, 
j = 1,2. In this case, ui in flG.lSp is given by 

In the case 7 > 1, ci = 2^^'^ and C2 = 1 we have 

\x - Y\^ - 2^"^|x + r| < (|x + Y\ + 2\Y\y - 2^-^|x + r| < 22^"i|rp, 

and < e^'^'^l^l^ Hence, if 

and a G A^(^q^), then Op"' (a) is continuous from M^^J^^ to M^^^y 

Example 6.10. Let Uj{X) = or Uj{X) = r{Xy' for some constant cj G 

R, j = 1, 2. In this case, ui in fl6.15p is given by 

or 

co,{X, Y) = (r((x - Y))Y' (r((x + Y)))-'\ 

Hence, if a G A^(^f), then Op"' (a) is continuous from M^^^^ to M^^'^y 

We note that different situations appear depending on the sign on ci and C2: 

(1) if ci > and C2 > 0, then the weights I'jiX), j = 1,2, turn rapidly to 
infinity at infinity. This implies that the target space M^^'^^ as well as the 
image space M^^'^^ are small, in the sense that their elements turns rapidly 
to zero at infinity, fulfill hard restrictions on oscillations at infinity, and are 
extendable to entire functions on C^. 

The corresponding weight ui turns rapidly to zero as X = F and |X| — )■ 
00, while Ui turns rapidly to infinity as X = —Y and |X| — )■ 00. 

(2) if ci < and C2 < (i.e. the adjoint situation comparing to (1)), then the 
target space M^^'^^ as well as the image space M^^J^^ are large, in the sense 
that their elements are allowed to turns rapidly to infinity at infinity, with 
small restrictions on oscillations and singularities at infinity. 

The corresponding weight ui turns rapidly to zero as X = —Y and 
|X| — )■ 00, while Ui turns rapidly to infinity as X = F and |X| — )• 00; 

(3) if ci < and C2 > 0, then the target space M^f^-^ is large and the image 
space M^^'^s^ is small. 

The corresponding weight Ui turns rapidly to infinity at infinity. Hence, 
the symbols in ■M.^'^-j turn rapidly to zero at infinity, fulfill hard restrictions 
on oscillations at infinity, and are extendable to entire functions on C^*^; 

(4) if ci > and C2 < 0, then the target space M^^^^ is small and the image 
space M^^'^s^ is large. 
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The corresponding weight Ui turns rapidly to zero at infinity. Hence, the 
symbols in ■M'^^-^ are allowed to turn rapidly to infinity at infinity, with 
small restrictions on oscillations and singularities at infinity. 

6.4. The case of moderate weights. It follows from the general results in pre- 
vious sections that almost all results on pseudo-differential operators in [^[FT] can 
be extended to include weights in the class ^^e- In what follows we state these 
extensions, and leave most of the verifications for the reader. 

We start with the following general form of Feichtinger-Grochenig's kernel theo- 
rem. The proof is the same as in [57', Prop. 4.7], where Theorem 2.2 in |10] should 
be applied instead of the classical Schwartz kernel theorem. 

Proposition 6.11. Let d = di + d2, ujj G 0^e(^^'^^) for j = 1,2 and let lo G 
^£;(R^ © R'*) be such that 

^{x, y, ^, v) = ^2{x, OM(z/> -v)- 

Also let T be a linear and continuous map from Si/2(R.'^'^) to S[^2i^'^'^)- Then T 
extends to a continuous mapping from Mj^^)(R'^i) to M^^^{R'^^), if and only if it 
exists an element K G M'^-^ (R'') such that 

{Tf){x) = {K{xr)J). 

For the proof of the following result we refer to \57[ Prop. 4.8] and its proof. 

Proposition 6.12. Le^ t G R, a G S'^^iB?'^), and let K G S'^^^iYi^'^) be the 
distribution kernel for the pseudo-differential operator Opi(a). Also let p G [1, oo], 
and uj,uJoe ^e{^^'^ © R^'^) be such that 

^{x, T], y) = uoix -ty,x + {l- t)y, + (1 - t)?7, ^ + tr]). 

Then a G M^^^{R'^'^) if and only if K e MJ^^)(R2^). Moreover, if (f) e 5i/2(R^^) 
and 

then jjcijl^jp.f^ — II ] I ^^p,?/) . 

The next result shows that pseudo-differential operators with symbols in modula- 
tion are to some extent invariant under the choice of t in fl6.ip . We refer to [571, Prop. 
1.7] for the proof. Here we let S,^ be the linear and continuous map on Si/2(R'^) 
and on S[^2(^'^)^ defined by the formula 

/^5$/^(e^*®5vJ*/, (6.18) 

where is the delta function on the vector space V2 C R*^ and $ is a real-valued 
and non-degenerate quadratic form on Vi = V.^. 

Proposition 6.13. Let (p G 5i/2(R°'), uj G ^^(R^^), p,qe [1, 00], Vi, V2 C R'^ be 

vector spaces such that V2 = V-^ . Also let ^ be a real-valued and non-degenerate 
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quadratic form on V\, and let he the corresponding matrix. If ^ = {^1,^2) 

where G Vj for j = 1,2, then 

\\S^f\\MP,,,4> = ll/lljv^p,,,*, where f G ^(^(R'^), 

(") 

Uis>{x,^) = uj{x — A^^^i,^) and ip = S^(f). 

In particular, the following are true: 

(1) the map (16.181) on S[^2(^'^) i"Gstricts to a homeomorphism from M^^^(R'^) 
toM-^^)(R^); 

(2) z/t G R, Wo G ^^(R^^ © R^'^), and 

^t{x, ^, r], y) = uJo{x -ty,^- tr], y, 77), 
then the map e^^i^^'^i^) on S'^j^i^'^) restricts to a homeomorphism from 

Mf-yR^'^) toMf:^)(R2^). 

By combining Propositions I6.11H6.12] we get the following result (cf. [57^ Thm. 
4.6]). 

Theorem 6.14. Let t G R and p,q,pj,qj G [I, 00] for j = 1,2, be such that (16.81) 
holds. Also let to G ^e(R^'^) and UJi,U2 G ^£;(R2°') be such that 

U2ix -ty,^ + {l- t)r]) 



ui{x + (1 -t)y,^-tr]) 



<Cuj{x,^,r],y), (6.19) 



for some constant C > 0. If a e M'^^^^{Y(^'^) , then 0^^{a) from >Si/2(R'^) to 5(/2(R'^) 
extends uniquely to a continuous map from M^^'^-^ (R*^) ^(ut) (-R'') ■ 

Moreover, if in addition a belongs to the closure of ^o(R-^^) under the norm 
II • ||j\/p.9, then 

Op,(a) : Mf-f(R'^)^Mf-f(R'^) 

is compact. 

Theorem 6.15. Let t e R, a e S[j2{B?'^), u G ^e{R^'^ © R^'^), and ^1,^2 G 
=^e(R^°') such that (16.91) holds. Then the following is true: 

(1) the operator Op^{a) from Si/2(R.'^) to S[^2(^'^) extends to a continuous map- 
ping from M(i^^)(R"') to )(R°'), z/ and only if a e M^^{B?'^); 

(2) the map a ^ Op((a) from M^^^(R^'^) to the set of linear and continuous 
operators from M^^^^{Yi'^) to M('^^)(R^). 

Finally we consider Schatten-von Neumann properties. Let uji,uj2 G ^e{^'^)- 
Then the set St,p{uji,uj2) consists of all a G S'^j^iR^'^) such that Op((a) belongs to 
^p{ui,uj2), the set of Schatten-von Neumann operator of order p G [l,C)o] from 
MJ,^)(R'^) to Mf^^)(R'^). Note that 

J^i(a;i,a;2), -^^2(^1,^2) and J^oo(wi,W2), 
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are the sets of trace-class, Hilbert-Schmidt and continuous operators respectively, 
from M'^^^^CR^) to M^^^^^(R'^). The space St^p{uji,uj2) is equipped by the norm 

||a||st,p(a;i,a;2) = II («) II .^pK ,0^2) ■ 

By Theorem 16. 15l it follows that the map a Opj(a) from St^p^Ui, (X'2) to J^p{ui,U2) 
is continuous and bijective. 

It is easy to obtain a complete characterization of symbols to Hilbert-Schmidt 
operators. In fact, we have the following result. We refer to [571 Prop4.11] for the 
proof. 

Proposition 6.16. Let a e S'-^^^iR^"^), ui,U2 G .^^(R^'^) and that u G ^^(R^'^© 
R^*^) be such that equality is attained in fl6.9p for t = 1/2 and some constant C. 
Then Op"'(a) G J^2{^i,^2) , if one? only if a & M^^^-j(R^°'). Moreover, for some 
constant C > it holds 

C^'^\\a\\Mf , < ||«||<'(tJi,L^2) < C'lkllM? 

for every a G 5(^2 (R-^'^)- 

We have now the following result. 

Theorem 6.17. Lett G R and p,q,pj,qj G [I, 00] for j = 1,2, satisfy 

Pi < P < P2, qi < ram{p,p) and q2 > max{p,p). 

Also letuj G ^£;(R^'^©R^°') andiJi,U2 G ^£;(R^'^) &e snc/i t/iat equality is attained 
in fl6.19p ■ /or some constant C. Then 

Mf-^^(R2'^) C stAoo,,U2) C Mf-''^(R2'^) (6.20) 
Moreover, for some constant C > it holds 

C~lo|U/f2;«2 < l|o|lt,p(c^i,a;2) < C\\a\\j^jPi,n 
for every a G S[^2(^'^'^)- 

Proof. By Proposition 11.131 and Theorem 16.151 it follows that St^oo ^ 
by Theorem 16.141 we get M^^^ C st^oo- By duality we obtain M^^^ C st^i and 
-St,! C Furthermore, If pi = p2 = ?i = Q'2 = 2, then f l6.20p follows from and 

Propositions 16.131 and 16.161 The result now follows for general p by interpolating 
these cases. The proof is complete. □ 

6.5. A pseudo-differential calculus in the Bargmann-Fock setting. In this 
section we show some possibilities to establish a pseudo-differential calculus on Ba- 
nach spaces of analytic functions, in the frame- work of the theory of the Bargmann 
transform. The definition of the calculus is in some sense similar to the usual 
pseudo-differential calculus, defined in Section [1] (cf. (16. ip ). We show that usual 
partial differential operators have convenient forms, and remark that the usual 
calculus in Section [H to some extent, can be considered as a part of this pseudo- 
differential calculus on analytic functions. 
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Before the definition of the calculus on analytic functions, we consider properties 
of compositions of the Bargmann transform with the Fourier transform, translations 
or modulations. It is then convenient to introduce some notations. 

The Fourier- Bargmann transform .^<a,t of any function or distribution F on 
of order t G R is given by 

We also set ^^sjj = .^^j,!, and call this map the Fourier-Bargmann transform. We 
note that = ^<u and that {^^'^F){z) = F{iz). The following lemma shows 
that the latter formula is strongly related to Fourier's inversion formula. 

Lemma 6.18. Let u G <^^q(C'^), SS he a mixed norm space on C^, and set ujt{z) = 
^^g-it7r/2^^ _ i^^y^^^ijj'^i^z) . Then the following is true: 

(1) ^<x},t restricts to continuous bijective mappings from B{uj,l^) to B{ut,^), 
and A{u, SS) to A{ujt, 

(2) 2J o ^ is equal to o QJ as mappings from M{u, SS) to AibJi^ 

(3) zffe M{uj,M), then 

(2J(/( ■ - x/V2)mz) = e<^'^>-l^l'/^(2J/)(^ - x), 

(2J(e^^^<-.«)/))(z) = (QJ/)(z + ^0. 

We note that (2) and (3) in Lemma 16.181 in some special cases were proved 
already in [3l|22ll^|30] . 

Proof. The assertions (1) and (3) follows immediately from the definitions, and (2) 
follows by a straight-forward application of Fourier's inversion formula. The details 
are left for the reader. □ 

By Lemma [6.181 and the investigations in Section [H it follows that e^^^'^\ ^ and 
dx in f l6.ip concerning the usual pseudo-differential calculus correspond to e*'-^'"''', 
^sjj and d^{z) respectively. The following definition of our complex version of 
pseudo-differential operators, is based on these observations. 

Definition 6.19. Let t G R and let a G (61/2)' (C^ © C^) be such that 

(1) a(z,u;)e-l^l'-l"'l'+^(<^>+<'">) G ^'(C^ © C^) for every > 0; 

(2) if p G P(C'^), then z i-)- {a{z,i- ), e~l'l^+(^'')p) is entire. 

Then the (complex) pseudo-differential operator Op5jf(a) with respect to the sym- 
bol a is the linear operator from P(C'^) to y4(C'^), given by 

(Op^,(a)F)(z) 

= jj a((l - t)z + twi, w;2)F(wi)e*«^'"'2)-("'2'^^)) d^i{wi)d^i{w2) 
= jj a((l - t)z + twi, zw2)F(u;i)e«^''"2)+('"^''"^)) d^i{wi)d^i{w2), (6.21) 
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when F e P(C'^). 

We note that the reproducing kernel in combination with the fact that wi i— )■ 
a{{l — t)z+twi,W2)F{wi) in fl6.2ip is analytic and satisfying appropriate conditions 
give 

(Op<o,i(a)F)(z) = j a((l - t)z + tw, w)F{w)e'^'^'"^ dfi{w). 

If 

{wi, W2) ^ a((l - t)z + twi, W2)F{wi)e'^^'^'"'^-^'"'^'"'^^ 

in fl6.2ip is not an integrable function, then Op(jj ^{a) is defined as the operator with 
kernel 

{z,w) ^ 7r~''UA{a{{l - t)z + tw,f )e«^'-)-(-'-)))e-l"l'. 
For conveniency we also set Opcri = OPxjo- 

The following proposition gives motivations for considering operators of the form 
Op^^i(a). 

Proposition 6.20. Let N > be an integer, ap G A{C^) for every fi G N'^ such 
that 1/3 1 < A^, and let 

a{z,w) = ap{z)w^ . 

\P\<N 

Then 

(Op^(a)F)(z) = ap{z){DPF){z), F G P(C'^). 

m<N 

Proof. The result follows by straight-forward computations, using Remark 14.21 □ 

Remark 6.21. We may use Lemma fG. ISI and the mapping properties for the Bargmann 
transform to reformulate certain pseudo-differential operators of the form Op^(a) 
into pseudo-differential operators given by Definition 16.191 The details are left for 
the reader. 

Remark 6.22. If a{z,w) = {S^^b){w/i), then it follows by the definitions that 
OPco,t('^) = Trr)(6). Hence the set of Berezin-Toeplitz operators can be considered 
as a subclass of the Bargmann pseudo-differential operators. 

Remark 6.23. Let a fulfills the conditions in Definition l6.19[ and assume in addition 
that w I—)- a{z, w) is analytic. Then it follows by the reproducing formula that 

{Op^^,{a)F){z) = a{z,z)F{z), 

when F G P(C'^). 
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